


GEOMETRIC STRUCTURES OF PHASE SPACE IN
MULTIDIMENSIONAL CHAOS

A SPECIAL VOLUME OF ADVANCES IN CHEMICAL PHYSICS
VOLUME 130

PART A



EDITORIAL BOARD

Bruce J. BERNE, Department of Chemistry, Columbia University, New York,
New York, U.S.A.

Kurt BINDER, Institut fiir Physik, Johannes Gutenberg-Universitit Mainz, Mainz,
Germany

A. WELFORD CASTLEMAN, JR., Department of Chemistry, The Pennsylvania State
University, University Park, Pennsylvania, U.S.A.

Davip CHANDLER, Department of Chemistry, University of California, Berkeley,
California, U.S.A.

M. S.CHiLp, Department of Theoretical Chemistry, University of Oxford, Oxford, U.K.

WiLiam T. Correy, Department of Microelectronics and Electrical Engineering,
Trinity College, University of Dublin, Dublin, Ireland

F. FLeMING Criv, Department of Chemistry, University of Wisconsin, Madison,
Wisconsin, U.S.A.

ErNEST R. Davipson, Department of Chemistry, Indiana University, Bloomington,
Indiana, U.S.A.

GraHAM R. FLEMING, Department of Chemistry, University of California, Berkeley,
California, U.S.A.

Karr F. FrReep, The James Franck Institute, The University of Chicago, Chicago,
Illinois, U.S.A.

PiERRE GAsparD, Center for Nonlinear Phenomena and Complex Systems, Brussels,
Belgium

Eric J. HELLER, Institute for Theoretical Atomic and Molecular Physics, Harvard-
Smithsonian Center for Astrophysics, Cambridge, Massachusetts, U.S.A.

RoBIN M. HocHsTrAssER, Department of Chemistry, The University of Pennsylvania,
Philadelphia, Pennsylvania, U.S.A.

R. Kosrorr, The Fritz Haber Research Center for Molecular Dynamics and Depart-
ment of Physical Chemistry, The Hebrew University of Jerusalem, Jerusalem,
Israel

RupoLpH A. Marcus, Department of Chemistry, California Institute of Technology,
Pasadena, California, U.S.A.

G. Nicouis, Center for Nonlinear Phenomena and Complex Systems, Université
Libre de Bruxelles, Brussels, Belgium

Traomas P. RusseLL, Department of Polymer Science, University of Massachusetts,
Ambherst, Massachusetts, U.S.A.

DonaLb G. TrunLAR, Department of Chemistry, University of Minnesota,
Minneapolis, Minnesota, U.S.A.

Joun D. WEEks, Institute for Physical Science and Technology and Department
of Chemistry, University of Maryland, College Park, Maryland, U.S.A.

PeTER G. WoOLYNES, Department of Chemistry, University of California, San Diego,
California, U.S.A.



GEOMETRIC STRUCTURES
OF PHASE SPACE IN
MULTIDIMENSIONAL CHAOS

APPLICATIONS TO CHEMICAL REACTION
DYNAMICS IN COMPLEX SYSTEMS

ADVANCES IN CHEMICAL PHYSICS
VOLUME 130

PART A

Edited by

M. TODA, T. KOMATSUZAKI, T. KONISHI,
R. S. BERRY, and S. A. RICE

Series Editor

STUART A. RICE

Department of Chemistry
and
The James Franck Institute
The University of Chicago
Chicago, Illinois

leYl!fLEERYgClENCE

AN INTERSCIENCE PUBLICATION
JOHN WILEY & SONS, INC.



Copyright © 2005 by John Wiley & Sons, Inc. All rights reserved.

Published by John Wiley & Sons, Inc., Hoboken, New Jersey.
Published simultaneously in Canada.

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any
form or by any means, electronic, mechanical, photocopying, recording, scanning, or otherwise,
except as permitted under Section 107 or 108 of the 1976 United States Copyright Act, without
either the prior written permission of the Publisher, or authorization through payment of the
appropriate per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,
MA 01923, 978-750-8400, fax 978-646-8600, or on the web at www.copyright.com. Requests to the
Publisher for permission should be addressed to the Permissions Department, John Wiley & Sons,
Inc., 111 River Street, Hoboken, NJ 07030, (201) 748-6011, fax (201) 748-6008.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best
efforts in preparing this book, they make no representations or warranties with respect to the
accuracy or completeness of the contents of this book and specifically disclaim any implied
warranties of merchantability or fitness for a particular purpose. No warranty may be created or
extended by sales representatives or written sales materials. The advice and strategies contained
herein may not be suitable for your situation. You should consult with a professional where
appropriate. Neither the publisher nor author shall be liable for any loss of profit or any other
commercial damages, including but not limited to special, incidental, consequential, or other
damages.

For general information on our other products and services please contact our Customer Care
Department within the U.S. at 877-762-2974, outside the U.S. at 317-572-3993 or fax 317-572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print,
however, may not be available in electronic format.

Library of Congress Catalog Number: 58:9935
ISBN 0-471-70527-6 (Part A)

ISBN 0-471-71157-8 (Part B)
ISBN 0-471-71158-6 (Set)

Printed in the United States of America

10 9 8 7 6 5 4 3 21


http://www.copyright.com

CONTRIBUTORS TO VOLUME 130

Yon Aizawa, Department of Applied Physics, Faculty of Science and
Engineering, Waseda University, Tokyo, 169-8555, Japan

R. StepHEN BERRY, Department of Chemistry, The University of Chicago,
Chicago, Illinois 60637, USA

JENs BREDENBECK, Max-Planck-Institiit fiir Stromungsforschung, D-37073
Gottingen, Germany. Present address: Physikalisch-Chemisches Institiit,
Universitét Ziirich, CH-8057 Ziirich, Switzerland

Lintao Bu, Department of Chemistry, Boston University, Boston, Massachu-
setts, 02215, USA

Massivo Cencing, Dipartimento di Fisica, Universita di Roma “la Sapienza”
and Center for Statistical Mechanics and Complexity INFM UdR Roma 1
Piazzale Aldo Moro 5, I-00185 Roma, Italy

Stavros C. FaranTtos, Institute of Electronic Structure and Laser Foundation for
Research and Technology, Hellas, Greece; and Department of Chemistry,
University of Crete, Iraklion 711 10, Crete, Greece

Hirosur Funsaki, Department of Chemistry, Boston University, Boston,
Massachusetts, 02215, USA

JIANGBIN GoNG, Department of Chemistry and The James Franck Institute, The
University of Chicago, Chicago, Illinois 60637 USA

SERGY Yu. GREBENSHCHIKOV, Max-Planck-Institiit fiir Stromungsforschung,
D-37073 Goéttingen, Germany

Hirosnt H. Hasecawa, Department of Mathematical Sciences, Ibaraki
University, Mito, 310-8512, Japan; and Center for Studies in Statistical
Mechanics and Complex Systems, The University of Texas at Austin,
Austin, Texas 78712, USA

SencHirRo Honjo, Department of Basic Science, Graduate School of Arts and
Sciences, University of Tokyo, Komaba, Meguro-ku, Tokyo, 153-8902,
Japan

Kyoko HosHino, Nonlinear Science Laboratory, Department of Earth and
Planetary Sciences, Faculty of Science, Kobe University, Nada, Kobe, 657-
8501, Japan



vi CONTRIBUTORS TO VOLUME 130

Kensuke S. Ikepa, Department of Physical Sciences, Faculty of Science and
Engineering, Ritsumeikan University, Kusatsu, 525-8577, Japan

CHARLES JAFFE, Department of Chemistry, West Virginia University, Morgan-
town, West Virginia 26506-6045, USA

Marc Joveux, Laboratoire de Spectrométrie Physique (CNRS UMR 5588),
Université Joseph Fourier, Grenoble 1, F-38402 St. Martin d’Heéres Cedex,
France

Kunmniko Kaneko, Department of Basic Science, College of Arts and Sciences,
University of Tokyo, Komaba, Meguro-ku, Tokyo, 153-8902, Japan

SHINNOSUKE Kawal, Department of Chemistry, Graduate School of Science,
Kyoto University, Kyoto, 606-8502, Japan

Taizo KoayvasHi, Department of Physical Sciences, Ritsumeikan University,
Kusatsu, 525-8577, Japan

Tamiki Komarsuzaki, Nonlinear Science Laboratory, Department of Earth and
Planetary Sciences, Faculty of Science, Kobe University, Nada, Kobe, 657-
8501, Japan

Tersuro Konishi, Department of Physics, Nagoya University, Nagoya, 464-
8602, Japan

Davip M. LEITNER, Department of Chemistry and Chemical Physics Program,
University of Nevada, Reno, Nevada 89557, USA

YAsuHIRO MATSUNAGA, Nonlinear Science Laboratory, Department of Earth and
Planetary Sciences, Faculty of Science, Kobe University, Nada, Kobe, 657-
8501, Japan

TakAYUKI MIYADERA, Department of Information Sciences, Tokyo University of
Science, Noda City, 278-8510, Japan

Teruaki OxkusHiMA, Department of Physics, Tokyo Metropolitan University,
Minami-Ohsawa, Hachioji, Tokyo, 192-0397, Japan

YosHikazu OHTAKI, Department of Mathematical Sciences, Ibaraki University,
Mito, 310-8512, Japan

YosHitsugu Oono, Department of Physics, University of Illinois at Urbana-
Champaign, Urbana, Illinois, 61801-3080, USA

JesUs PALAcIAN, Departamento de Matematica e Informatica, Universidad
Publica de Navarra, 31006 Pamplona, Spain

Stuart A. Ricg, Department of Chemistry and The James Franck Institute, The
University of Chicago, Chicago, Illinois 60637 USA

Sumit Sarto, Department of Chemistry, Nagoya University, Furo-cho, Chikusa-
ku, Nagoya, 464-8602, Japan



CONTRIBUTORS TO VOLUME 130 vii

Mirsusapa M. Sano, Graduate School of Human and Environmental Studies,
Kyoto University, Sakyo, Kyoto, 606-8501, Japan

SHINICHI Sawapa, School of Science and Technology, Kwansei Gakuin
University, Sanda, 669-1337, Japan

REINHARD ScHINKE, Max-Planck-Institiit fiir Stromungsforschung, D-37073
Gottingen, Germany

NormHIRO SHIDA, Omohi College, Graduate School of Engineering, Nagoya
Institute of Technology, Gokiso-cho, Showa-ku, Nagoya, 466-8555, Japan

YasusHr SHmmizu, Department of Physical Sciences, Ritsumeikan University,
Kusatsu, 525-8577, Japan

AKkIrRA SHUDO, Department of Physics, Tokyo Metropolitan University, Minami-
Ohsawa, Hachioji, Tokyo, 192-0397, Japan

Joun E. StrAUB, Department of Chemistry, Boston University, Boston,
Massachusetts, 02215, USA

Y-H. TacucHi, Department of Physics, Faculty of Science and Technology,
Chuo University, Bunkyo-ku, Tokyo, 112-8551, Japan; and Institute for
Science and Technology, Chuo University, Bunkyo-ku, Tokyo, 112-8551,
Japan

Kivya Takanashi, The Physics Laboratories, Kyushu Institute of Technology,
lizuka, 820-8502, Japan
TosHiya Takami, Institute for Molecular Science, Okazaki, 444-8585, Japan

Kazuo Takarsuka, Department of Basic Science, Graduate School of Arts and
Sciences, University of Tokyo, Komaba, 153-8902, Tokyo, Japan

Mixito Topa, Physics Department, Nara Women’s University, Nara, 630-8506,
Japan

Turcay Uzer, Center for Nonlinear Science, School of Physics, Georgia
Institute of Technology, Atlanta, GA 30332-0430, USA

DaviDE VERGNI, Istituto Applicazioni del Calcolo, CNR Viale del Policlinico
137, 1-00161 Roma, Italy

ANGELO VuLpiaNI, Dipartimento di Fisica, Universita di Roma “la Sapienza”
and Center for Statistical Mechanics and Complexity INFM UdR Roma 1
Piazzale Aldo Moro 5, I-00185 Roma, Italy

LAureNT WIESENFELD, Laboratoire d’Astrophysique, Observatoire de Grenoble,
Université Joseph-Fourier, BP 53, F-38041 Grenoble Cédex 9, France

YosHiyukl Y. YamaGucHl, Department of Applied Mathematics and Physics,
Kyoto University, 606-8501, Kyoto, Japan



viii CONTRIBUTORS TO VOLUME 130

TomoHIRO YANAO, Department of Complex Systems Science, Graduate School of
Information Science, Nagoya University, 464-8601, Nagoya, Japan

Patricia YANGUAS, Departamento de Matematica e Informatica, Universidad
Publica de Navarra, 31006 Pamplona, Spain

MEISHAN ZHA0, Department of Chemistry and The James Franck Institute, The
University of Chicago, Chicago, Illinois, 60637 USA



INTRODUCTION

Few of us can any longer keep up with the flood of scientific literature, even
in specialized subfields. Any attempt to do more and be broadly educated
with respect to a large domain of science has the appearance of tilting at
windmills. Yet the synthesis of ideas drawn from different subjects into new,
powerful, general concepts is as valuable as ever, and the desire to remain
educated persists in all scientists. This series, Advances in Chemical
Physics, is devoted to helping the reader obtain general information about a
wide variety of topics in chemical physics, a field that we interpret very
broadly. Our intent is to have experts present comprehensive analyses of
subjects of interest and to encourage the expression of individual points of
view. We hope that this approach to the presentation of an overview of a
subject will both stimulate new research and serve as a personalized learning
text for beginners in a field.

StuarT A. RICE
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PREFACE

The study of chemical reactions covers a variety of phenomena, ranging from
the microscopic mechanisms of reaction processes through structural changes
involving macromolecules such as proteins, to biochemical networks within
cells. One common question concerning these seemingly diverse phenomena is
how we can understand the temporal development of the system based on its
dynamics.

At the microscopic level, chemical reactions are dynamical phenomena in
which nonlinear vibrational motions are strongly coupled with each other.
Therefore, deterministic chaos in dynamical systems plays a crucial role in
understanding chemical reactions. In particular, the dynamical origin of
statistical behavior and the possibility of controlling reactions require analyses
of chaotic behavior in multidimensional phase space.

In contrast, conventional reaction rate theory replaces the dynamics within
the potential well by fluctuations at equilibrium. This replacement is made
possible by the assumption of local equilibrium, in which the characteristic time
scale of vibrational relaxation is supposed to be much shorter than that of
reaction. Furthermore, it is supposed that the phase space within the potential
well is uniformly covered by chaotic motions. Thus, only information
concerning the saddle regions of the potential is taken into account in
considering the reaction dynamics. This approach is called the transition state
theory.

Recently, however, experimental studies have cast a doubt on this assumption
(see Ref. 1 for a review). For example, spectroscopic studies reveal hierarchical
structures in the spectra of vibrationally highly excited molecules [2]. Such
structures in the spectra imply the existence of bottlenecks to intramolecular
vibrational energy redistribution (IVR). Reactions involving radicals also
exhibit bottlenecks to IVR [3]. Moreover, time-resolved measurements of
highly excited molecules in the liquid phase show that some reactions take place
before the molecules relax to equilibrium [4]. Therefore, the assumption that
local equilibrium exists prior to reaction should be questioned. We seek
understanding of reaction processes where the assumption does not hold.

The problem requires analyses of phase-space structures in systems with
many degrees of freedom. In particular, appreciating the global structure of the
phase space becomes essential for our understanding of reactions under
nonequilibrium conditions. In order to make this point clear, we briefly
summarize the present status of the study.

X1
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Since the 1980s, concepts and results from nonlinear physics have been
incorporated into studies of unimolecular reactions. (For a review, see Rice and
co-workers’ contribution in this volume.) In particular, concepts established for
systems with two degrees of freedom have played an important role in defining
the reaction rate based on dynamics [5]. The concept of transition state has been
examined from the standpoint of dynamical system theory, and reformulated
in terms of normally hyperbolic invariant manifolds (NHIMs). While transition
states in the conventional sense are situated in configuration space, NHIMs
corresponding to saddles are structures in phase space. In order to formulate
transition states as dividing surfaces, we have to resort to NHIMs and their
stable and unstable manifolds. These phase space structures enable us to avoid
the so-called recrossing problem. Moreover, Lie perturbation theory makes it
possible to calculate the dividing surfaces at least locally near the NHIMs (see
Ref. 6 for a review).

However, in systems with more than two degrees of freedom, the dividing
surfaces do not generally exist globally in phase space [7,8]. Thus, the attempt
to define the reaction rate based on dynamics has not been successful for systems
with many degrees of freedom. Instead, global features of the phase space, such
as the network of reaction paths, emerge as crucial ingredients in studying
reactions from the dynamical point of view.

The reason why the dividing surfaces do not generally exist globally
is because intersections between the stable and unstable manifolds of NHIMs
sometimes involve tangency. This tangency reveals that branching structures
exist in the network of reaction paths. Moreover, combining these branching
structures with the Arnold web in the potential well, the global aspects of the
phase space offer rich possibilities for nonergodic behavior for reactions in
systems with many degrees of freedom. Implications of this possibility are to be
sought in reactions under nonequilibrium conditions.

Thus, we shift our attention from quantities related to local equilibrium,
notably reaction rate constants, to nonequilibrium aspects of reaction processes.
In particular, we list the following three closely related questions as most
important.

First, do dynamical correlations exist in processes involving multiple
saddles, such as structural changes of macromolecules in clusters and proteins?
In the conventional theory, it is supposed that consecutive processes of going
over saddles take place independent of one another. In other words, the system
loses its memory of the past immediately, since the vibrational relaxation within
a well is assumed to be much faster than the escape from it and multistep
processes are conventionally assumed to be Markov processes. To the contrary,
when the characteristic time scale of IVR is comparable to that of the reaction,
the system can keep dynamical correlations as it goes over successive saddles.
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These correlations result in (a) acceleration of reactions for some initial
conditions and (b) deceleration for others. This approach will shed new light on
problems such as why reactions proceed on multibasin energy landscapes
without being trapped in deep minima [9], why proteins fold so effectively, how
enzymes help specific reactions to take place, and so on.

Second, how we can characterize nonequilibrium reactions using a
dynamical viewpoint? Since the conventional concepts are not sufficient here,
we need new ideas that relate measurable quantities to reaction dynamics. In
particular, for reactions involving structural changes of macromolecules,
collective variables will be necessary to describe processes, and the degrees
of freedom that compose collective variables will change as the reaction
proceeds over multiple saddles. Furthermore, dynamical correlations are likely
to play important roles. Then, we need methods that answer the following
questions: What degrees of freedom are necessary to describe reaction
dynamics, in what way do they evolve and vary during the processes, and
how we can extract information on their dynamics from measurements?

Third, what is the dynamical origin of Maxwell’s demon? As is well known
since the work of Maxwell, Szilard, and Brillouin, nonequilibrium conditions
are necessary for systems to do information processing. Therefore, in studying
biochemical reactions, we are interested in how nonequilibrium conditions are
maintained at the molecular level. From the viewpoint of dynamics, in
particular, the following problem stands out as crucial: Does any intrinsic
mechanism of dynamics exist which helps to maintain nonequilibrium
conditions in reaction processes? In other words, are there any reactions in
which nonergodicity plays an essential role for systems to exhibit functional
behavior?

Keeping these subjects in perspective, we organized a conference entitled
“Geometrical Structures of Phase Space in Multidimensional Chaos—
Applications to Chemical Reaction Dynamics in Complex Systems” from
26th October to 1st November, 2003, at the Yukawa Institute for Theoretical
Physics, Kyoto University, Kyoto, Japan. A pre-conference was also held at
Kobe University from 20th to 25th October.

This conference was interdisciplinary, where researchers from physics
(including astrophysics), biophysics, physical chemistry, and nonlinear science
gathered to discuss a wide range of problems in reaction dynamics with the
common theme that chaos in dynamical systems plays a crucial role in studying
chemical reactions. Furthermore, we argue that reactions involving macro-
molecules such as clusters, liquids, and proteins are important examples of
dynamical systems with many degrees of freedom. Thus, we expect that studies
of these reactions from a dynamics point of view will shed new light on
phenomena such as phase transitions in clusters, slow relaxation in liquids, and
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the efficiency of protein folding, as well as in seeking the possibility of
manipulating these reactions.

In particular, in the Conference we focused our attention on the following
topics.

1. Transition state theory revisited from the dynamical point of view,
including a historical perspective of the study.

2. Phase-space structure of Hamiltonian systems with multiple degrees of
freedom—in particular, normally hyperbolic invariant manifolds
(NHIMs), intersections between their stable and unstable manifolds, and
the Arnold web.

3. Analyses of reaction processes based on the phase space structure of the
system.

4. Quantum aspects of chaos and how we can control them.
5. Nonstatistical properties, such as nonstationary behavior and multiple

scales of time and distance for evolution, in systems of many degrees of
freedom.

6. Dynamical understanding of reaction processes in macromolecules and
liquids, such as phase transitions, fast alloying, energy redistribution, and
structural changes in clusters and proteins.

7. Data mining to extract information on dynamics from time series data
from experiments and simulations of molecular dynamics.

8. Dynamical insights into reactions at the macroscopic level, including
chemical networks in cells and their evolution.

Here, in this volume, we have collected contributions from the invited speakers,
from poster presentations that received the best poster awards (Yanao, Honjo,
and Okushima), and from poster presentations chosen to cover topics that were
not treated by the invited speakers. The best poster awards were decided based
on a jury vote by the invited speakers and a popular vote by all the participants.
Note, however, that there were many other posters that also deserved inclusion
here.

In the following, we give a brief overview of the content of this volume. The
volume consists of the following three parts:

I. Phase-space geometry of multidimensional dynamical systems and
reaction processes.

II. Complex dynamical behavior in clusters and proteins, and data mining
to extract information on dynamics.

III. New directions in multidimensional chaos and evolutionary reactions.
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In the first part, our aim is to discuss how we can apply concepts drawn from
dynamical systems theory to reaction processes, especially unimolecular reac-
tions of few-body systems. In conventional reaction rate theory, dynamical
aspects are replaced by equilibrium statistical concepts. However, from the
standpoint of chaos, the applicability of statistical concepts itself is problematic.
The contribution of Rice’s group gives us detailed analyses of this problem from
the standpoint of chaos, and it presents a new approach toward unimolecular
reaction rate theory.

In statistical reaction rate theory, the concept of transition state plays a
key role. Transition states are supposed to be the boundaries between
reactants and products. However, the precise formulation of the transition
state as a dividing surface is only possible when we consider ‘“‘transition states”
in phase space. This is the place where the concepts of normally hyperbolic
invariant manifolds (NHIMs) and their stable and unstable manifolds come into
play.

The contributions of Komatsuzaki and Berry, and of Uzer’s group, discuss
these manifolds, and they present their calculations using Lie perturbation
theory methods. The contribution of Wiesenfeld discusses these manifolds in
reaction processes involving angular momenta, and the contribution by Joyeux
et al. shows applications of the perturbation theory method to reactions
involving Fermi resonance. The contribution of Sano discusses invariant
manifolds in the Coulomb three-body problem.

The importance of NHIMs, and their stable and unstable manifolds is shared
strikingly between chemical reactions and astrophysics. Therefore in the
conference at Kyoto, Koon, from Caltech, discussed controlling an orbiter in
astrophysics, and Uzer presented his study of asteroids near Jupiter, where
analyses of these manifolds were essential.

In reaction processes for which there is no local equilibrium within the
potential well, global aspects of the phase space structure become crucial. This
is the topic treated in the contribution of Toda. This work stresses the
consequences of a variety of intersections between the stable and unstable
manifolds of NHIMs in systems with many degrees of freedom. In particular,
“tangency”’ of intersections is a feature newly recognized in the phase space
structure. It is a manifestation of the multidimensionality of the system, where
reaction paths form a network with branches.

Here, we also include the contributions related to quantum mechanics: The
chapter by Takami et al. discusses control of quantum chaos using coarse-
grained laser fields, and the contribution of Takahashi and Ikeda deals with
tunneling phenomena involving chaos. Both discuss how chaos in classical
behavior manifests itself in the quantum counterpart, and what role it will play
in reaction dynamics.
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In the second part, we collect contributions concerning dynamical processes
in complex systems such as clusters and proteins. Here, we also include those
ideas related to data mining, since this topic is an indispensable part of the
studies on dynamics of macromolecules.

The contribution of Berry presents an overview of the study of clusters as
vehicles for investigating complex systems. The study of clusters has given birth
to a variety of new ideas which turned out to be fruitful in other complex
systems such as proteins. The contribution of Takatsuka discusses dynamical
and statistical aspects of phase transitions in clusters, and the contribution
of Yanao and Takatsuka studies the gauge structure arising from the dynamics
of floppy molecules. Shida’s contribution presents an important issue related
to saddles of index of two or more, and shows their role in the phase transi-
tions of clusters. Another interesting phenomenon of clusters is fast alloying,
discussed in the contribution of Shimizu et al. from the standpoint of reaction
dynamics.

Liquids and proteins are complex systems for which the study of dynamical
systems has wide applicability. In the conference, relaxation in liquids (e-
entropy by Douglas at the National Institute of Standards and Technology,
nonlinear optics by Saito, and energy bottlenecks by Shudo and Saito), energy
redistribution in proteins (Leitner and Straub et al.), structural changes in
proteins (Kidera at Yokohama City University), and a new formulation of the
Nosé-Hoover chain (Ezra at Cornell University) were discussed. Kidera’s talk
discussed time series analyses in molecular dynamics, and it is closely related to
the problem of data mining. In the second part of the volume, we collect the
contributions by Leitner and by Straub’s group, and the one by Shudo and Saito
in the third part.

The contribution by Komatsuzaki’s group bridges the two research fields—
that is, dynamics in complex systems and data mining. They apply to a model of
proteins the methods of embedding and Allan variance, both of which have been
developed in dynamical system theory. Their results reveal, using the Allan
variance, nonstationary behavior in protein dynamics, and they show, by
embedding, how many degrees of freedom are necessary to describe this
dynamics. Thus, this contribution indicates a crucial role for the methods of data
mining in the study of processes involving macromolecules.

Therefore, contributions to methods of data mining are included here. It is
uncommon to discuss this topic in the context of reaction processes. However,
as we have already discussed, data mining becomes ever more important in
analyzing experiments and simulations. In conventional data analyses, the
concepts of equilibrium statistical physics have been routinely applied. To the
contrary, in situations in which local equilibrium breaks down, established
methods do not exist to analyze experiments and simulations. Thus, data mining
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to extract information on dynamics is crucial here. In the conference, several
methods were discussed (Broomhead at Manchester University on embedding,
Vulpiani on finite-size Lyapunov exponents, Taguchi on nonmetric methods,
and Hasegawa on inductive thermodynamics approach from time series). Here
we include the contributions by Taguchi and Oono and by Hasegawa and
Ohtaki.

In the third part, those contributions are collected which discuss nonergodic
and nonstationary behavior in systems with many degrees of freedom, and seek
new possibilities to describe complex reactions, including even the evolution of
living cells.

Conventional theory supposes that statistical ideas would be more applicable
to systems of many degrees of freedom than to few-body systems. To the
contrary, in these systems, new kinds of behavior such as multiergodicity,
nonstationarity, and an anomalous approach to equilibrium can emerge.
Consequently, their implications for reaction dynamics should be explored,
especially in those cases where biological functions are involved.

Thus, the contribution of Shudo and Saito starts by presenting the problem
concerning the relation between nonergodicity and 1/f noise. For systems with
two degrees of freedom, the dynamical origin of 1/f noise is attributed to the
hierarchical structures of resonant tori (Aizawa). However, for systems with
many degrees of freedom, this relationship is not well understood. This
discussion goes on to systems with a gap in the spectrum of characteristic time
scales and nonergodic behavior, based on the studies of the Italian group
(Benettin et al.). The contributions of Aizawa and of Yamaguchi also discuss
these problems in the context of cluster formation (Aizawa) and of an approach
to equilibrium (Yamaguchi). These features will become important in under-
standing reaction processes in complex systems such as protein folding and
slow relaxation in complex liquids.

Nonlinear resonances are important factors in reaction processes of systems
with many degrees of freedom. The contributions of Konishi and of Honjo and
Kaneko discuss this problem. Konishi analyzes, by elaborate numerical
calculations, the so-called Arnold diffusion, a slow movement along a single
resonance under the influence of other resonances. Here, he casts doubt on the
usage of the term ““diffusion.” In other words, “Arnold diffusion” is a dynamics
completely different from random behavior in fully chaotic regions where most
of the invariant structures are lost. Hence, understanding “‘Arnold diffusion” is
essential when we go beyond the conventional statistical theory of reaction
dynamics. The contribution of Honjo and Kaneko discusses dynamics on
the network of nonlinear resonances (i.e., the Arnold web), and stresses
the importance of resonance intersections since they play the role of the hub
there.
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Here we also include the contribution of Okushima, in which the concept of
the Lyapunov exponents is extended to orbits of finite duration. The
mathematical definition of the Lyapunov exponents requires ergodicity to
ensure convergence of the definition. On the other hand, various attempts have
been made to extend this concept to finite time and space, to make it applicable
to nonergodic systems. Okushima’s idea is one of them, and it will find
applications in nonstationary reaction processes.

The contributions of Vulpiani’s group and of Kaneko deal with reactions at
the macroscopic level. The contribution of Vulpiani’s group discusses
asymptotic analyses to macroscopic reactions involving flows, by presenting
the mechanism of front formation in reactive systems. The contribution of
Kaneko deals with the network of reactions within a cell, and it discusses the
possibility of evolution and differentiation in terms of that network. In
particular, he points out that molecules that exist only in small numbers can play
the role of a switch in the network, and that these molecules control
evolutionary processes of the network. This point demonstrates a limitation of
the conventional statistical quantities such as density, which are obtained by
coarse-graining microscopic quantities. In other words, new concepts will be
required which go beyond the hierarchy in the levels of description such as
micro and macro.

We hope that the contributions collected in this volume convey the
stimulating and interdisciplinary atmosphere of the conference. We also expect
that the results and discussions in these contributions form a first and decisive
step toward understanding reaction processes from the standpoint of dynamics.

The conference was supported by the following grants and institute. We
greatly appreciate these organizations for their financial support.
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I. INTRODUCTION

Studies of the rate of a unimolecular reaction have been central to the
development of our understanding of reaction dynamics for almost a century.
In the early 1900s such reactions appeared mysterious, since the source of the
energy required for reaction to occur was not immediately apparent. Indeed, it
took careful experimental work to demonstrate that thermal unimolecular
reactions were induced by collisions and not by absorption of ambient radiation
and that the observed unimolecular kinetics held in only a limited pressure range.
Once the phenomenological description of unimolecular reaction kinetics was
established, attention turned to the development of a molecular description of the
reaction rate. It was understood from the beginning of these studies that a
detailed description of the nonlinear dynamical evolution of an energized
molecule is extraordinarily difficult. A key breakthrough occurred when it was



CLASSICAL, SEMICLASSICAL, AND QUANTUM MECHANICAL RATE THEORY 5

realized that for many purposes a statistical description of the energy distribution
in the excited molecule suffices. Indeed, statistical theories of molecular energy
distribution have been central to our understanding of the kinetics and dynamics
of unimolecular reactions.

The beauty of statistical treatments of chemical reaction dynamics lies in
their simplicity and universality. Rice, Ramsberger, and Kassel (RRK) [1,2],
building on the earlier work of Lindemann and Hinshelwood, developed a
statistical theory of unimolecular reaction rate based on the assumption that
complete intramolecular energy transfer precedes reaction. Under this
assumption, detailed information regarding the excitation step of a unimolecular
reaction is irrelevant, and the reaction rate depends only upon the energy of a
molecule. The RRK theory is based on classical mechanics. Marcus recast and
further developed the RRK theory in the 1950s [3,4] by taking into account the
major elements of the energy state structure of the molecule imposed by
quantum mechanics. The resultant RRKM statistical theory of unimolecular
reaction rate is, by any measure, one of the great successes of chemical physics;
it is widely applicable and provides an excellent description of the experimental
data in the overwhelming majority of cases [5,6]. There are, however, some
instances in which the RRKM theory gives inaccurate or unphysical predictions.
In many of these instances the failure of the RRKM theory can be traced to a
breakdown of the assumption that the rate of intramolecular energy transfer is
greater than the rate of reaction and/or that all states of the molecule are
accessible for energy transfer. Typically, analysis of these cases has retained the
conceptual framework of the theory and merely modified some of the analysis
associated with the intramolecular energy transfer step.

The success of a statistical theory of the overall dynamical evolution of an
isolated molecule relies largely on the intrinsic stochasticity of the internal
motions—that is, on the existence of deterministic dynamical chaos. As such,
studies of the rate of a chemical reaction have become interdisciplinary, and
they involve significant overlap with the field of nonlinear dynamics and
deterministic chaos [7]. The renaissance in the development of classical
unimolecular reaction rate theory has been motivated by the recognition that
cantori, remnants of invariant phase space curves with highly irrational winding
numbers, constitute bottlenecks to chaotic transport between disjoint phase
space regions [8,9,10]. In particular, in treating model molecular systems with
two degrees of freedom (DOFs) Davis and Gray [11] replaced the RRKM
transition state, which is defined in configuration space, by an exact separatrix
that is defined in phase space. The separatrix defines the boundary in phase
space between products and reactants—for example, the boundary between
bounded motion and unbounded motion in a fragmentation reaction. Davis and
Gray also incorporated the bottlenecks to intramolecular energy transfer into
their reaction rate theory. This modified statistical theory accurately predicts, for
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example, the decay rate of a simplified classical model of He-I,; that decay
rate is overestimated by conventional RRKM theory by at least an order
of magnitude. The work of Davis and Gray demonstrated the potential for
accurate prediction of unimolecular fragmentation rate constants inherent in
statistical theories that account for highly inhomogeneous energy transport. The
Davis—Gray theory was later simplified by Gray, Rice, and Davis [12] by
replacing the exact separatrix with an approximate phase-space dividing
surface, and it was further modified by Zhao and Rice [13-16] to account for
some effects of vibrational and rotational motion in both reactants and products
and to develop approximations for analytical treatments of intramolecular
energy flow. The several reported tests of the Zhao—Rice version of
unimolecular reaction rate theory (identified by the acronym MRRKM) are in
good, but not perfect, agreement with classical simulations and actual
experimental results.

Developing a reaction rate theory for realistic polyatomic systems requires
significant extensions of the Davis—Gray theory. One might intuitively expect
that the higher the system dimension, the better a statistical description. But this
is not the case, and a rigorous extension of the Davis—Gray theory to many-
dimensional systems is challenging. For example, identifying the bottlenecks to
energy flow in systems with three or more DOFs is far from trivial, since there
are no invariant phase-space structures that can separate the energy shell into
disjoint regions. Many of the extant approaches, including the MRRKM theory,
have either demonstrated or assumed the importance of pairwise frequency
ratios, and much work along this direction remains to be done. Furthermore,
because of so-called homoclinic tangency [17], a concept further discussed
below, the usefulness of a many-dimensional analog of the exact separatrix in
the Davis—Gray theory is unclear. Indeed, in a study of a model van der Waals
molecule fragmentation reaction, Gillilan and Ezra [18] observed that a two-
dimensional projection of a many-dimensional separatrix associated with the
fixed point at infinity may or may not resemble the separatrix of a two-
dimensional system, implying that this high-dimensional separatrix 1is
unsuitable for determining the flux that crosses from the molecular complex
region to the free fragments region of phase space. Of course, this result does
not preclude the existence of a well-behaved separatrix associated simulta-
neously with several fixed points.

In a study of the rate of isomerization of HCN to CNH, Rice and co-workers
[19] suggested exploiting a reaction path Hamiltonian as a device to permit
extension of classical statistical reaction rate theory from few-dimensional to
many-dimensional systems. In that approach the dynamics of the reacting
molecule is reduced to that of a system with a complicated but one-dimensional
reactive DOF coupled with other effective DOFs. Although their calculations
based on this approach yield an accurate description of the isomerization rate as
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a function of energy, the reaction path treatment cannot be immediately
rationalized because the implicit coupling between the complicated reaction
coordinate and the other DOFs, via the definition of the reaction coordinate,
obscures the meaning of the two-dimensional mapping that is exploited. Recent
advances in chaotic transport in many-dimensional systems, and particularly the
Wiggins theory of normally hyperbolic invariant manifolds (NHIM) in
dynamical systems [20,21], offer new opportunities to refine classical reaction
rate theories. For example, instead of using a reaction path Hamiltonian,
Wiggins et al. [22] proposed to transform the system Hamiltonian by a sequence
of local and nonlinear canonical transformations to a particular form, which
then allows for explicit construction of an exact many-dimensional separatrix
and straightforward calculation of the flux across that separatrix. This novel
methodology, although based on a local picture of the reaction dynamics, is
expected to greatly deepen our understanding of the similarities and differences
between many-dimensional and few-dimensional reacting systems.

A successful reaction rate theory cannot completely ignore some of the
important features of the reaction dynamics. Reacting molecular systems cannot
be truly ergodic, and this “‘order in chaos” is precisely why statistical theories
must be rather sophisticated. The importance of this point can be appreciated,
for example, from examination of the reactive islands theory (RIT) [23-25] of
the rate of unimolecular isomerization. Incorporated into RIT is a high degree of
phase space structure associated with the chaotic dynamics of isomerization.
More significantly, Komatsuzaki and Berry [26] have presented a systematic
approach to identifying local regularities embedded in the chaotic dynamics of
many-dimensional systems. The key element in their approach is the use of Lie
canonical perturbation theory to rotate away the irregular behavior particularly
associated with the motion along the reaction coordinate, and then to identify
local constants of the motion. Since the frequency associated with the reactive
mode is imaginary, they show that at least one local approximate constant
of motion exists even when the dynamics of the transition state becomes
manifestly chaotic. This important result makes it possible to construct a local
multidimensional separatrix and has provided new perspectives into chemical
reaction dynamics.

With this brief overview of classical theories of unimolecular reaction rate,
one might wonder why classical mechanics is so useful in treating molecular
systems that are microscopic, and one might question when a classical statistical
theory should be replaced by a corresponding quantum theory. These general
questions bring up the important issue of quantum-classical correspondence in
general and the field of quantum chaos [27-29] (i.e., the quantum dynamics of
classically chaotic systems) in particular. For example, is it possible to translate
the above classical concepts (e.g., phase space separatrix, NHIM, reactive
islands) into quantum mechanics, and if yes, how? What is the consequence of
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quantization for energy transport in chaotic systems? Anticipating its impor-
tance to chemical reaction rate theory, we shall also review some recent results
from the relatively young field of quantum chaos.

Recent years have also witnessed exciting developments in the active control
of unimolecular reactions [30,31]. Reactants can be prepared and their evolution
interfered with on very short time scales, and coherent light sources can be used
to imprint information on molecular systems so as to produce more or less of
specified products. Because a well-controlled unimolecular reaction is highly
nonstatistical and presents an excellent example in which any statistical theory
of the reaction dynamics would terribly fail, it is instructive to comment on how
to view the vast control possibilities, on the one hand, and various statistical
theories of reaction rate, on the other hand. Note first that a controlled
unimolecular reaction, most often subject to one or more external fields and
manipulated within a very short time scale, undergoes nonequilibrium processes
and is therefore not expected to be describable by any unimolecular reaction
rate theory that assumes the existence of an equilibrium distribution of the
internal energy of the molecule. Second, strong deviations from statistical
behavior in an uncontrolled unimolecular reaction can imply the existence of
“order in chaos” and thus more possibilities for inexpensive active control of
product formation. Third, most control scenarios rely on quantum interference
effects that are neglected in classical reaction rate theory. Clearly, then, studies
of controlled reaction dynamics and studies of statistical reaction rate theory
complement each other.

This review chapter, intended to be self-contained and reasonably focused on
the work developed in our group, is organized as follows. We begin with
introducing some basic but important concepts in classical mechanics and
chaotic transport, including canonical transformations, the KAM theorem,
bottlenecks to chaotic transport in both few-dimensional and many-dimensional
systems, normally hyperbolic invariant manifolds, and more. These concepts are
strengthened, in Section III, by presenting some simple mapping models for
unimolecular fragmentation. Then, in Section IV, we review a number of
classical theories of unimolecular predissociation reaction rate, with detailed
comparisons between different theories and between theoretical and experi-
mental results. This is followed, in Section V, by a review of unimolecular
isomerization rate theories and their application to various model systems. In
Section VI we describe some standard quantum and semiclassical approaches to
unimolecular reaction rate theory, with emphasis placed on their connections to
classical approaches. Finally, Section VII contains a brief survey of some recent
results concerning quantum transport in classically chaotic systems; how these
results are expected to influence our understanding of quantum effects in
unimolecular reaction dynamics is also discussed. Section VIII contains some
concluding remarks and speculations.
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II. PHASE-SPACE STRUCTURE OF MOLECULAR DYNAMICS

A. Canonical Transformation

In classical mechanics the state of a system with n DOFs is represented by a
vector (q1,42,---,4qn;P1,P2,---»Pn) = (q, p) in a 2n-dimensional phase space,
whose evolution is governed by Hamilton’s equations of motion

dq OH dp  OH 1
dr  op’ dt 0q (1)
where q represents the configuration coordinates, p represents the conjugate
momenta, and H = H(q,p). Although time-dependent systems such as
periodically kicked systems will also be discussed in this review, here we
restrict ourselves to time-independent systems. Then the energy of the system,
denoted by E, is conserved, and the time-evolving trajectories are necessarily
restricted to a (2n — 1)-dimensional hypersurface.

There exists a special type of coordinate transformation in phase space,
called a canonical transformation, which transforms the original system
variables (q, p) to new system variables (q',p') = (¢}, 45, - - - @, P}, Phy -, D))
while retaining the structure of Hamilton’s equations of motion, that is,

dq OH' dp’ OH'

= =—— 2
d op’ dt oq’ @)
where H' = H'(q',p’) = H(q, p). A canonical transformation can be generated
by requiring p - dq — p’ - dq’ to be a complete differential dF. For example, if
F = F(q,q’), then one needs

_OF . OF

P—aa P = 6_q’ (3)

to realize the canonical transformation. Of particular importance is the case in

which F can be written as F>(q,p’) — p’ - q’. One then obtains

_OF, , OF,

=2 =2 4
P=%y Y775 4)

where q' should be regarded as a function of q and p’. Due to energy
conservation, Eq. (4) directly leads to the Hamilton—Jacobi equation:

H<q, ZZ&) —E (5)
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Solving this partial differential equation, which is required to construct the
canonical transformation, is in general as difficult as solving Eq. (1). However,
Eq. (5) is very useful in obtaining approximate solutions using, for example,
perturbation theory.

An alternative procedure to generate a canonical transformation is to use
the Hamiltonian flow itself. Consider an arbitrary Hamiltonian system of the
same dimension as the original system. The associated functional dependence of
the final state at = #; on the initial state at r = #; can be represented by

q() — q(t) = qlq(n),p(r)];  p(t) — p(ty) = pla(s),p(t)]  (6)

Since both initial and final states satisfy the same equations of motion, the
transformation of Eq. (6) is a natural canonical transformation. This kind of
canonical transformation is a basic tool in the so-called Lie canonical
perturbation theory for obtaining approximate constants of the motion.

B. Invariant Measure

A classical statistical theory is concerned with an ensemble of classical
trajectories. Denote the kth evolving trajectory in an ensemble by [q,(7), p.(?)]-
Then the ensemble average of a physical observable A(q, p) is given by

_ R
A() = lim —> Al (1), pi(1)] (7)
k=1
Consider now a trajectory density function D(q, p,t), defined by
1 n
D(q,pt) = lim =" 5[q — 4, (B]5[p—pu(t)] (8)
k=1
D(q, p) thus defined is evidently normalized, that is,

JD(q, p;t)dqdp = 1 )

The ensemble average A(t) can be expressed as

A(r) = jA<q, p)D(q, 1) dqdp (10)

Invariant measure on classical phase space is an important concept
in statistical theory. Suppose that there is an arbitrary phase space volume
V(¢) at time f, which evolves to V'(¢') at time #. An invariant measure,
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denoted by p;, has the property that it gives the same measure for V() and
V(). That is,

W[Vl = w[V'(@)] (11)

Because the transformation from [q(7),p(7)] to [q(¢'),p(f)] is canonical,
an almost trivial example of invariant measure in its differential form is given
by

dy; = dqdp (12)

The energy of a time-independent Hamiltonian system is a conserved
quantity. In this case an invariant measure can be constructed on the energy
shell H(q, p) = E, that is,

dy;, = NS(H — E)dpdq (13)

where N is a normalization constant. Similarly, if taking into account the total
angular momentum Jio, that is conserved at J, an invariant measure can be
constructed through

dy; = NS(H — E)d(Jigw — J)dp dq (14)

C. Action and Angle Variables

For a completely separable Hamilton—Jacobi equation, one can always derive n
constants of motions for a system with n DOFs. It is illustrative to consider a
simple case in which H =}, H;(q; p;) and therefore H;(g;, p;) is conserved.
The corresponding Hamilton—Jacobi equation can be readily solved by requiring
Fy =3, 8(gj,2), where o = (01, 0%, ..., o), and

a,
H,(qj,a%{)zoc,, i=1,2,....n (15)
]

where the o; are constants of motion with > o; = E. Consider now n new
variables (I} I, ...,1I,), each of which is defined by

1 1 [0g(g,9)
I =—dp dg = — 227 g4, i=1,2,... 16
j 27_[}[7] qj 21_[% aq] QL .] <~ 7” ( )

where § denotes the integration over one period of the oscillation in g;.
Equation (16) defines the so-called action variables. These action variables can
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be regarded as new momentum variables, and they are new constants of motion
since they depend on o only:

Ij:[j(d), j:1,2,...,l’l (17)

Inverting Eq. (17) yields o; as functions of Iy, I, . . ., I,, which further gives the
dependence of gj on Iy, I, ..., I

gj:gj[qjvaUleZa"'vIn)] (18)

The new coordinate variables ¢; that are conjugate to /; are called angle
variables. The transformation from (q, p) to (¢, d,,...,d,) can be obtained
from

_ ng[qjg(ll ,12, . ,In)]
o,

; (19)

Using the action and angle variables, Hamilton’s equations of motion take the
following simple form:

dd)j Gocj

e NG i=1,2,... 20
dt ol o5 ST hmet 2
dlj aO(j .

- _"T_ =1,2,... 21
dt a(l)j ’ / o " ( )

Equation (20) indicates that ¢; assumes a linear time dependence. Furthermore,
using Egs. (16) and (19), one finds that over one oscillation period, the change in
¢; is given by

%dd)] _ %dﬁgj[qjﬁa(ll,lz,...,In)} o a§pjdqj - (22)

0l 0l

Equation (21) makes it clear that the action-angle variable representation directly
addresses the oscillation frequencies without looking into the details of the
dynamics. Indeed, as shown below, the action-angle variable representation plays
a key role in understanding important qualitative features of Hamiltonian
dynamics.

D. KAM Theorem

Consider a two-DOF system with the following Hamiltonian:

H = Hy(J1,J2) + €H(J1,J2, b, $5) (23)
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Here J;,J, and ¢, d, are action and angle variables, Hy(J;,J>) is the zeroth-
order Hamiltonian, and €H; (J;,J2, ®;, d,) represents a perturbing Hamiltonian
in a general form. The motion associated with Hy(J;,J2) can be easily obtained;
it is

Ji = constant, J, = constant (24)

(i)i = (1)0,1- + CO,'(]I,Jz)t, W = aH()/aJi, i=1,2 (25)

The corresponding trajectories can be best visualized as motion restricted to a
two-dimensional torus, as shown in Fig. 1. If the frequency ratio, or the winding
number ®;/®,, is a rational number, the two DOFs are in resonance and an
individual trajectory will close on itself on the torus. By contrast, if ®; /@, is an
irrational number, then as time evolves a single trajectory will eventually cover
the torus. The motion in the latter case is called conditionally periodic.
Kolmogoroff, Arnold, and Moser (KAM) established a theorem regarding the
qualitative features of a perturbed Hamiltonian system. The KAM theorem
states that, under small perturbation and for an analytical H;(J1,J2, $;,d,) ina

(@)

<>

)

Figure 1. (a) Angle-action variables (¢, ¢,,J1,J2) and the invariant torus for a two-oscillator
system. (b) A periodic trajectory on the torus.
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certain domain, classical trajectories display two kinds of motion. One is
topologically the same as for Hy(J1,J>), while the other can be chaotic—that is,
extremely sensitive to slight changes in the initial condition. Specifically, the
KAM theorem demonstrates that (a) with “‘sufficiently small” € and

(w1, my)
0(J1,J2) 0 26)
most of the unperturbed tori bearing conditionally periodic motion persist, but
slightly perturbed by €H;(Ji,J2,dy,d,); and (b) tori bearing motion with
rational or almost rational frequency ratios are either drastically deformed or
destroyed. Moreover, although the unperturbed tori with rational frequency
ratios are everywhere, the majority (in the sense of measure theory) of initial
conditions are shown to be restricted to deformed tori bearing conditionally
periodic motion.

Hence, for small perturbations the system is nearly integrable: Most classical
trajectories are restricted to two-dimensional phase-space structures that are
often called “KAM tori.” Since two classical trajectories cannot cross each
other, a torus such as shown in Fig. 1 is in fact an impenetrable phase-space
structure, dividing the three-dimensional energy shell into disjoint regions. With
stronger perturbations, more KAM tori are expected to be destroyed and
therefore more trajectories become chaotic.

E. Poincaré Surface of Section

The classical dynamics of a system can also be analyzed on the so-called
Poincaré surface of section (PSS). Hamiltonian flow in the entire phase space
then reduces to a Poincaré map on a surface of section. One important property
of the Poincaré map is that it is area-preserving for time-independent systems
with two DOFs. In such systems Poincaré showed that all dynamical information
can be inferred from the properties of trajectories when they cross a PSS. For
example, if a classical trajectory is restricted to a simple two-dimensional torus,
then the associated Poincaré map will generate closed KAM curves, an evident
result considering the intersection between the torus and the surface of section.
If a Poincaré map generates highly erratic points on a surface of section,
the trajectory under study should be chaotic. The Poincaré map has been a
powerful tool for understanding chemical reaction dynamics in few-dimensional
systems.

Here we show several examples of PSS using realistic molecular systems. In
particular, Fig. 2 shows a PSS of a model T-shaped Hel, molecule undergoing
unimolecular dissociation, with a total energy of E = —2662 cm™~'. Figure 3
depicts the PSS of a model T-shaped HeBr, molecule with the initial vibrational
energy of the Br-Br bond chosen to be the same as that of the 15th quantum
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P/AC UL

Figure 2. Poincaré surface of section of the T-shaped Hel, with a total energy —2662 cm™'.

Q=R — Ry, where R is the He-I, bond length and R, is its equilibrium value. P is the
momentum conjugate to R. [From S. K. Gray, S. A. Rice, and M. J. Davis, J. Phys. Chem. 90, 3470
(1986).]

1.667

-1.667

Figure 3. Poincaré surface of section of the T-shaped HeBr, at the Br-Br vibrational
state v = 15, showing a 4:1 resonance. [From A. A. Granovsky et al., J. Chem. Phys. 108, 6282

(1998).1
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Figure 4. Poincaré surface of section of molecular isomerization of cyclobutanone (C4H¢O)
for the total reaction energy E = 0.0la.u, showing a 3:1 resonance.

vibrational state. Shown in Fig. 4 is a PSS associated with the molecular
isomerization of cyclobutanone (C4Hg¢O) at a total reaction energy of E = 0.01
a.u. The reaction coordinate of the isomerization reaction is given as s = ro,
where r is the C=0 bond distance and ¢ is the C=0 wagging angle.

These examples indicate that the PSS associated with reacting moecular
systems typically displays both regular and irregular structures. In particular, the
random looking splatter of points on the PSS is generated by a single trajectory,
and trajectories with initial conditions that are only slightly different would
yield similar patterns. In contrast, there are also smooth KAM curves that
occupy significant portions of the PSS. Clearly, trajectories associated with
regular structures give no contribution to reaction and only chaotic trajectories,
which wander over the entire PSS generate reaction. Also seen is that there
often exists a chain of islands between the regular and chaotic regions. For
example, in Fig. 2 there are four islands surrounding the closed curves at their
centers. Trajectories initiated from these islands cannot escape; they
consecutively revisit them. That is, a classical trajectory intersects the PSS
four times before visiting all the islands and thus completing a “rotation” on the
PSS. This suggests that this chain of islands is the new phase-space structure
associated with a zeroth-order torus of a 4 :1 resonance. These important
features of the PSS can be found in virtually all two-DOF Hamiltonian systems
that are neither totally separable nor strongly chaotic.
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F. Stability Analysis

Further insights into reaction dynamics can be obtained by analyzing the stability
of classical trajectories. Presumably, stable periodic orbits will be restricted to
KAM tori and therefore be nonreactive; and unstable periodic orbits will provide
information about the location of resonances and therefore some qualitative
features of the intramolecular energy flow.

As an example, consider a two-dimensional dynamical mapping with the
simplest periodic orbit—that is, a fixed point at (go, po). Suppose that the initial
condition (qg,py) is only infinitesimally shifted from (qo,po) with
46 — g0 = dq; py — po = dp. With one iteration of the map, (go,po) evolves
to (q1,p1), and the initial “errors” dq and dp are propagated to 8¢ and dp,

which is given by
5q\ _ n( 4
<5p)_M(dP) 27

where the Jacobi transformation matrix M, usually called the monodromy
matrix, is given by

91 g
0 § My, M
M — 90 ©Cpo | _ 11 12 (28)
91 o Mo Mo
9q0 Opo
For an area-preserving map, such as the Poincaré map, one has
det(M) = MMy — MMy =1 (29)

This leads to a simple relationship between the two eigenvalues of the M matrix.
Indeed, directly solving

det(M — AI) = 0 (30)

one finds that the eigenvalues are given by

12
3 7M11+M22i (M) + M»,)? 1]
T2 4 -
My +My | 1 1/2
— o 22115[4f (M1 + M)’ (31)

with A A = 1.
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For stable periodic trajectories the two eigenvalues A, are complex numbers
conjugate to each other, and the corresponding eigenvectors correspond to a
simple rotation around the fixed point (go,po). By contrast, provided that

(My) + M)’ o1 (32)
4

the eigenvalues .. are real and one of them (say A, ) must be larger than 1. In this
case periodic orbits are unstable: A small error in initial conditions along the
direction of the A, eigenvector will be amplified by a factor of A, for each
iteration of the map, a clear example of the exponential sensitivity of chaotic
trajectories. The Lyapunov exponent, which is defined by the exponential
divergence rate of two nearby trajectories, is then given by In A ;. Thus there is an
unstable manifold associated with the unstable fixed point. However, if dg and dp
are precisely along the direction of the A_ eigenvector associated with the same
unstable fixed point, the displacement between two nearby trajectories
exponentially contracts rather than expands, as is clear from the fact
A_ =1/A; < 1. Hence there is also a stable manifold associated with an
unstable fixed point. This result holds for any area-preserving map. The marginal
case A, = A_ =1 is indicative of the onset of chaos. A more detailed and
extensive discussion of stability analysis can be found in the excellent book
Regular and Chaotic Dynamics by Lichtenberg and Lieberman [7].

The basic picture discussed above is quite general in Hamiltonian systems.
Of particular importance is the concept of stable and unstable manifolds
associated with unstable periodic orbits. Trajectories along the stable manifold
will be mapped toward the periodic orbit, whereas trajectories along the
unstable manifold will be mapped away from the periodic orbit. It turns out that
the union of segments of the stable and unstable manifolds is very useful in
defining the reaction separatrix and calculating the flux crossing the separatrix
in few-dimensional systems.

G. Bottlenecks in Few-Dimensional Systems

The KAM theorem demonstrates the existence of KAM tori when the
perturbations to the motion are small. What happens when a nearly integrable
Hamiltonian is strongly perturbed? For example, with increasing perturbation
strength, what is the last KAM torus to be destroyed and how should we
characterize the phase space structures when all KAM tori are destroyed? Using
simple dynamical mapping systems, which can be regarded as Poincaré maps in
Hamiltonian systems with two DOFs, MacKay, Meiss, and Percival [8,9] and
Bensimon and Kadanoff [10] showed that the most robust KAM curve
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against perturbation has a winding number associated with the golden mean, that
is,
Q]

m—2=(1+8) (33)

where ®; and m, are the frequencies, and

g=l(\/§—1)=

1
. —— = 0.61803398..... (34)

1+1+1+,,

More importantly, they showed that even after the most robust KAM curve is
destroyed, its remnants display highly fractal structures characteristic of a
cantorus, thereby constituting strong bottlenecks to phase space transport. That
is, although a classical trajectory is extremely sensitive to slight changes in its
initial condition, this trajectory may still find it difficult to go from one phase
space region to another through the cantorus. Qualitatively, this is because the
exponential sensitivity of chaotic motion is a local property, whereas transport
between disjoint phase space regions is a nonlocal phenomenon.

The existence of bottlenecks to Hamiltonian transport suggests that
intramolecular energy flow can be highly nonergodic. Thus, accounting for
the bottlenecks should greatly improve chemical reaction rate theories. For
example, for the 4:1 resonance shown in Figs. 2 and 3, the intramolecular
bottleneck should be located at

O]

14
- +g (35)

For the case in Fig. 4 the intramolecular bottleneck is expected to be associated
with
Q)]

- _3 36
o, 018 (36)

H. Bottlenecks in Many-Dimensional Systems

In exact dynamics simulations the main difference between many-dimensional
and few-dimensional systems is the requirement for computational resources.
However, in the context of reaction rate theory the most relevant issue is how to
understand and describe the qualitative differences between a few-dimensional
topological structure and its many-dimensional analog. For example, given that
the PSS in few-dimensional systems provides a powerful tool with which to
analyze reaction dynamics, can we utilize the PSS in many-dimensional
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systems? The answer is no, because in many-dimensional systems a Poincaré
map on a surface of section is no longer an area-preserving map. Hence, it is
unclear how to visualize and effectively analyze classical trajectories in a system
with many DOFs.

It was shown above that KAM tori can separate a three-dimensional energy
surface into disjoint regions. Trajectories on one side of a torus can never reach
the other side. This simple picture does not hold in many-dimensional systems.
To see this more clearly, consider a nearly integrable system with n DOFs. Its
energy surface has dimension 2n — 1. Thus any phase space structure that can
separate this energy surface into two disconnected pieces must have a
dimension of 2n — 2. On the other hand, from the above-mentioned action-
angle variable analysis, one sees that each KAM torus is characterized by n
actions, so that they have dimension 2n — n = n, far smaller than 2n — 2 if
n > 3. As such, KAM tori in many-dimensional systems no longer present
structural barriers that restrict chaotic trajectories from visiting almost the entire
energy surface. This phenomenon is called Arnold diffusion.

Arnold diffusion is typically slow if the system is not strongly chaotic, a case
relevant to many unimolecular reactions. In this sense, although KAM tori no
longer divide the energy surface into disjoint regions, their very existence still
generates effective bottlenecks to phase-space transport. Furthermore, recent
studies of many-dimensional reacting systems suggest that the golden mean
cantori (taken in the sense of pairwise frequency ratios) continue to be strong
bottlenecks to phase space transport. For example, Tersigni and Rice [32]
examined the robustness of cantori in a system with two DOFs perturbed by a
third DOF and found that the golden mean cantorus defined in terms of the first
two DOFs remains a significant bottleneck in the full system. With a local
frequency analysis approach, Martens, Davis, and Ezra [33] analyzed a three-
DOF model of the OCS molecule and noticed the importance of the ratio
between the O—C and C-S vibrational frequencies, shedding light on the slow
chaotic transport observed in the same molecule [34]. Assuming that the most
effective bottleneck is associated with a highly irrational pairwise frequency
ratio, Zhao and Rice also considered a three-dimensional system and obtained
fairly good results that will be reviewed later.

I. Normally Hyperbolic Invariant Manifold

An unstable periodic orbit is one-dimensional, being of dimension two less than
the energy surface in systems with two DOFs. In an n-DOF system the energy
surface is of dimension 2n — 1. In such systems, Wiggins showed that the analog
of unstable periodic orbits is the so-called ‘“‘normally hyperbolic invariant
manifold” (NHIM) of dimension 2n — 3 [20,21]. Trajectories slightly displaced
from an NHIM can be analyzed using a many-dimensional stability analysis. The
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expansion and contraction rates normal to an NHIM will dominate those tangent
to it. Wiggins demonstrated that an NHIM, if it exists, is structurally stable—that
is, robust against perturbations. Wiggins further proved that there always
exist NHIMs associated with each individual many-dimensional resonance
condition, that is,

m-o=mao; +mowo +- - +mo, =0 (37)

where the m; are integers not all of which are zero, and w; is the frequency
associated with the ith DOF.

Similar to unstable periodic orbits, an NHIM has stable and unstable
manifolds that are of dimension 2n — 2 and are also structurally stable. Note
that a union of the segments of the stable and unstable manifolds is also of
dimension 2n — 2, which is only of dimension one less than the energy surface.
Hence, as far as dimensionality is concerned, it is possible for a combination of
the stable and unstable manifolds of an NHIM to divide the many-dimensional
energy surface so that reaction flux can be defined. However, unlike the few-
dimensional case in which a union of the stable and unstable manifolds
necessarily encloses a phase space region, a combination of the stable and
unstable manifolds of an NHIM may not do so in a many-dimensional system.
This phenomenon is called ‘“homoclinic tangency,” and it is extensively
discussed in a recent review article by Toda [17].

To be more specific, consider a system with the following Hamiltonian:

n—1
034
H= ZEI(P,Z + q,z) + anpn +f1(611a‘127 < qn—1,P1,P25 - - - apnflvqnpn)

i=1

+f2(q1;q23~~-7Qn717p17p27---ap1171) (38)

where ¢; and p; are conjugate canonical variables, and

fl(QhCIZa--~7Qn—1>P17P27~~~aPn7170>:0 (39)

Wiggins et al. [22] pointed out that one can always locally transform
a Hamiltonian to the form of Eq. (1.38) if there exists a certain type of
saddle point. Examination of the associated Hamilton’s equations of motion
shows that g, = p, = 0 is a fixed point that defines an invariant manifold of
dimension 2n — 2. This manifold intersects with the energy surface, creating a
(2n — 3)-dimensional invariant manifold. The latter invariant manifold of
dimension 2n — 3 is an excellent example of an NHIM. More interesting, in
this case the stable and unstable manifolds of the NHIM, denoted by W* and W*,
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respectively, can be explicitly constructed by a simple stability analysis. One
finds

n—1

I Z% (p? + ¢?) + f» = constant > 0, gn =0 (40)
i=1
n—1 o;

W - Z?’ (p? +q7) +f» = constant > 0, Pn=0 (41)
i=1

It should always be remembered that this representation is a local picture of the
dynamics. A general way of constructing an NHIM is still unknown and may not
exist at all.

III. MAPPING MODELS OF UNIMOLECULAR
FRAGMENTATION

A. Two-Dimensional Free Particle in a Morse-like Kicking Field

Gaspard and Rice [35] were the first to use simple mapping models to simulate
the dynamics of molecular fragmentation. Consider first a model describing a
free particle periodically kicked by a Morse-like potential. The Hamiltonian is
given by

P2
H =2+ TG(X ZSt—nT (42)

n=—oo

where the kicking potential is given by

G(X) = D[1 — exp(—aX)’] (43)
with
. dG(X)
A 0 (44)

This choice of G(X) is designed to mimic some aspects of a molecular process.
The classical phase space is two-dimensional. Let (X, P,) be the position and
momentum of the particle just before the nth kick. Then the kicking field induces
an area-preserving map

dG(X,)

P,1=P,—T
+1 dx,

(45)

T
Xnp1 =X + ZP"H (46)
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To simplify the matter, the scaling transformation

T
Pn = ociPna qn = O(Xn (47)
m

is introduced, resulting in the difference equations

Pt = Pn + d[exp(—24a) — exp(—n)] (48)
4dn+1 = 4n +Pn+1 (49)

It is seen that after the scaling the map from (p,, g,) to (Pn+1,4n+1) depends on
only one parameter, d = 20>T>D/m. To be as realistic as possible, we assume
d > 0.

The map of Egs. (48) and (49) has two fixed points: (¢,p) = (0,0) and
(¢,p) = (00,0). Their stabilities are determined by the eigenvalues A of the
linearized mapping, which are given by

det(J — AI) =0 (50)

where J is the Jacobian of the mapping. At the fixed point (g,p) = (0,0) the
eigenvalues are

Aizé[z—dim} (51)

When 0 < d < 4, these two eigenvalues can be written as
AL = exp(£i2np) (52)

with d = 2 — 2 cos(2mp). Suppose now p can be expressed as the ratio of two
integer numbers, say, m;/my. Then after m, iterations of this map one has
(AL)™ = 1. That is, after my rotations on the two-dimensional plane a small
change in the initial condition returns exactly to its starting value. As such, this
new expression for A. is indicative of resonances. These resonances are
arranged in the parameter space in a monotone sequence between p = 1/00 and
p = 1/2. Of particular importance are the low-order resonances associated with
d=2andd=3.

In most cases of 0 < d < 4, there are a set of bounded trajectories
surrounding the stable fixed point and forming the main quasi-periodic islands.
These regular trajectories are bounded by the largest invariant island. Outside
the largest island there also exist smaller quasi-periodic islands, forming
an invariant set of positive Lebesgue measure in the two-dimensional phase
space. Besides, there exists a Cantor-like invariant set of unstable trajectories
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wandering between these small quasi-periodic islands. This latter set is the
repellor of the system that controls the escape dynamics.

By plotting only the trajectories that remain at a finite distance over long
times, the global invariant set can be constructed, as shown in Fig. 5 for
different values of d. Seen in Fig. 5a are large regular islands around p = ¢ =0
for d = 1.8. Then, for the case of d = 2 shown in Fig. 5b, there is a catastrophic
collapse of the global invariant set when the center p = g = 0 undergoes a low-
order resonance. A large island reappears as the value of d further increases, as
shown in Fig. 5c.

Also interesting is the dynamical behavior associated with the fixed point at
infinity, that is, (g,p) = (00,0). Here we introduce the concept of homoclinic
orbit, which is a trajectory that goes to an unstable fixed point in the past as well
as in the future. A homoclinic orbit thus passes the intersection between the
unstable and stable manifolds of a particular fixed point. Indeed, as shown in
Fig. 6, these manifolds generate a so-called homoclinic web. In particular,
Fig. 6a displays a Smale horseshoe giving a two-symbol subdynamics,
indicating that the fixed point (0o, 0) is not a saddle. Nevertheless, it is still
unstable with distinct stable and unstable manifolds, with its dynamics much
slower than that for a saddle. Figure 6b shows an example of a numerical plot of
the stable and unstable manifolds.

Gaspard and Rice also considered a kicking field with several minima and
maxima such that the mapping has several bottlenecks, with each bottleneck
associated with particular fixed points. The existence of several bottlenecks
allows their model to better mimic some properties of intramolecular energy
flow. Specifically, they chose

dg -q(,—q —q —q
d_q:—de (e —r)(e?—s)(eT—w) (53)

In this case, there are four fixed points, located at (c0,0), (—Inr,0), (—Ins,0),
(—Inw,0), respectively. One example of such a map is given by

Pust =pu e (et e - D - 14) ()
Gn+1 = qn + Pny1 (55)

with the two stable fixed points (0,0) and (In4,0) and the intermediate saddle
point (In2,0). The number of fixed pointed can be reduced by one if we choose,
for example, w = 0 instead of w = 1/4. Then the following map is obtained:

Prct = pu e (e~ 1) (e 1/2) (56)
n+1 = qn + Pn+1 (57)
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Figure 5. Phase portrait of the Gaspard—Rice two-dimensional mapping with the two fixed
points at (0,0) and (00,0). (a) The portrait is obtained with 54 trajectories and 400 iterations;
d =1.8. (b) Same as in (a) except for d = 2 with 48 trajectories. (¢) Same as in (a) except for
d = 2.2 with 22 trajectories. [From P. Gaspard and S. A. Rice, J. Phys. Chem. 93, 6947 (1989).]
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Figure 6. (a) Formation of a Smale horseshoe after six iterations starting from the domain
labeled O under the Gaspard—Rice two-dimensional mapping with d = 1.8 and two fixed points at
(0,0) and (00, 0). The curves are the stable and unstable manifolds forming the homoclinic web. (b)
The stable manifold W, and the unstable manifold W,,. Their intersections a and b define two distinct
homoclinic orbits. Another homoclinic orbit is defined by the point # where W; is tangent to W,.
[From P. Gaspard and S. A. Rice, J. Phys. Chem. 93, 6947 (1989).]

with one stable fixed point at (0,0) and one saddle point at (In2,0) for 0<d <8.
A standard homoclinic structure can be linked with this saddle, and it mimics
an intramolecular bottleneck. Also observed are resonances associated with
the center point (0,0), catastrophic collapses of the invariant sets, and a



CLASSICAL, SEMICLASSICAL, AND QUANTUM MECHANICAL RATE THEORY 27

period-doubling bifurcation at d = 8 that generates a period-2 orbit of the center
type. The phase space structures for the various cases are shown in Fig. 7.

B. Four-Dimensional Free Rotor in a Morse-like Kicking Field

Gaspard and Rice [35] also proposed a four-dimensional map in order to study
Hamiltonian systems with Arnold diffusion. The model Hamiltonian is a free
rotor in a Morse-like kicking field and takes the following form:

L2 P2 o0
H =545 +TG(0,X) ;@ 8(t — nT) (58)
The kick amplitude G(6, X) is assumed to vanish at large distance X. Note that
the rotor may escape from the kicking field. Gaspard and Rice studied a kicking

field defined by
G(0,X) = D[(1 + gcos 0)e > — 2¢7*] (59)

with D > 0 and |g| <1 in order for the motion be stable in the repulsive part of
the field. With a proper scaling one obtains

Lyt = I, + csin 0,e 2 (60)
0011 =0, + Ly (61)
Dntl = Pn + d[(l + gcos Gn)e’zq" — Ze’q”] (62)
Gn+1 = Gn + Pnt1 (63)

as a four-dimensional map induced by Hamilton’s equations of motion. This map
is pseudosymplectic in the sense that

Jol=0 (64)
where J is the Jacobian

a(ln+lvpn+la 6nJrla Qn+l)

J= 65
a(lrhpl’henaqn) ( )
and the ® matrix is given by
0 0 a O
_ 0O 0 0 B
®“l -« 00 0 (66)
0O - 0 O
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Figure 7. Phase portrait of the Gaspard—Rice two-dimensional mapping model. (a) The
mapping has two stable fixed points at (0,0) and (In4,0) and one intermediate saddle point at
(In2,0); d = 2. (b) The mapping has one stable fixed point at (0, 0) and one saddle point at (In2,0);
d = 1. (¢) The mapping has one stable fixed point at (0,0) and one saddle point at (In2,0); d = 5.
[From P. Gaspard and S. A. Rice, J. Phys. Chem. 93, 6947 (1989).]
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with 2ca = dgP. Of course, this map preserves the phase space volume, as is
evident from det(J) = 1.

There are two fixed points at a finite distance. The first one is at/ = 0, 0 = 0,
p =0, g =In(1+ g), where the four stability eigenvalues are

1/2

C C C
Ao =1+ + +— 67
21 +g)° <<1+g>2 4<1+g>2> ©7

d d d 12
As=1-— + —1 68
=y <1+g[4<1+g> D (68)

with
M =1, AAg=1 (69)

The second oneisat! = 0,0 =0,p =0, g = In(1 — g), where the four stability
eigenvalues are

1/2
M=t ™ ((1—5')2 [4(1—8)2_11> 7

A3’4:1_2(1ig)i<1ig{4(1d—g)_1D1/2 7

The decay dynamics of this map is intended to mimic the process of
molecular fragmentation. Gaspard and Rice calculated the decay of an ensemble
of particles for varying values of d. Figure 8 shows the escape time as a function

800

600 [— -

400 [~ —

Escape time

200

0
0.0 0.2 0.4 0.6 0.8 1.0
|

Figure 8. Escape time function as a function of / in the Gaspard—Rice four-dimensional
mapping for d = 3, ¢ = g = 0.1, with the initial condition p = g = 0 and 6 = 1. [From P. Gaspard
and S. A. Rice, J. Phys. Chem. 93, 6947 (1989).]
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Figure 9. Population decay of an ensemble of 50,000 particles under the four-dimensional
mapping with d = 2 and ¢ = g = 0.1. The initial ensemble is uniformly distributed in the rectangle
0, =-1.0,6,=1.0,4 = 0.0, , = 2.0) of the ¢ = p = 0 plane. [From P. Gaspard and S. A. Rice,
J. Phys. Chem. 93, 6947 (1989).]

of [ in the four-dimensional mapping for d = 3. The decay is seen to be rather
fast and the escape time as a function of / displays regular peaks. However, for
some other values of d (e.g., d = 2) the decay is much slower, and the escape
time is a highly irregular function of initial conditions. This can be explained
in terms of the slow depletion of the quasi-invariant set. Indeed, as shown in
Fig. 9 the decay dynamics was found to occur over two different time scales and
could be approximated by a bi-exponential curve for intermediate times. This
suggests the existence of long-time correlations in the dynamics of molecular
fragmentation. However, it is possible that long-time correlations do not play an
important role in a classical reaction rate theory because the subtle dynamical
behavior on the long-time scale will also be strongly affected by collisions,
emission of radiation, and probably quantum interference effects.

IV. THEORY OF UNIMOLECULAR PREDISSOCIATION

A. Davis—Gray Analysis

The most important element of the Davis—Gray theory of unimolecular reaction
rate is the identification of bottlenecks to intramolecular energy flow and the
intermolecular separatrix to molecular fragmentation. Davis and Gray’s work
was motivated by the discovery of bottlenecks in chaotic transport by MacKay,
Meiss, and Percival [8,9] and by Bensimon and Kadanoff [10].
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Figure 10. Poincaré surface of section for collinear OCS relaxation at E = 20,000 cm LIt
shows three major quasi-periodic regions, the resonance islands, the location of the dividing surface
for intramolecular energy transfer, and a typical turnstile. [From M. J. Davis, J. Chem. Phys. 83,
1016 (1985).]

The first application of transport bottlenecks to a molecular system was in the
study of vibrational relaxation of a model OCS molecule with two DOFs. Davis
[36] found that the correct location of the bottleneck requires finding a set of
unstable orbits that have a set of resonance conditions

358 13 21 34
@:_5_7_7_7_7_7“' (72)

ocs 1°2°3°5° 8713
This series of resonance conditions converges to 2.618 ..., implying that the

most important bottleneck to intramolecular energy transfer is determined by a
golden mean cantorus, that is,

oco = (2+ g)ocs = 2.618 ... acs (73)

where oco and ocs are the frequencies of the CO and CS stretches. The phase
space structure of this OCS bottleneck on a PSS is shown in Fig. 10.

The bottleneck effects can be better understood by visualizing the PSS at
different times, as shown in Fig. 11. Seen there are three disjoint regions
separated by closed curves. The middle curve is approximately the last KAM
curve separating two primary resonance zones. The randomly positioned dots
shown in Fig. 1la represent an ensemble of classical trajectories that are
completely located at the outermost region, called region I. At a later time the
trajectories pass a barrier separating region I and region II and enter region II.
Since the most inner part is associated with purely regular motion, the
trajectories will never get into that region.
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Figure 11. Poincaré surfaces of section for collinear OCS relaxation at £ = 20,000 cm! at
two different times. [From M. J. Davis, J. Chem. Phys. 83, 1016 (1985).]

After properly locating the exact dividing surface, Davis used the following
equations to describe the population transfer between the two regions:

dN,

— = —KiN N 74
at KiN1 + KN, (74)
dN,

— = KN — KN 75
dt K1V — K2/V2 ( )

where N and N, refer to the populations in region I and region II, and k; and k;
are given by the ratios

A, A,

=— 76
K2 A (76)
where A; is the flux in or flux out, and A; and A, represent the areas of region I
and region II, respectively. The flux can be exactly calculated by examining the
area of the so-called turnstile, a phase space structure that will be explained in
detail below. The total population N is the sum of the populations in the two
regions

N=N +N, (77)

Equations (74) and (75) can be easily solved to yield

N 1 i,
ﬁ:z(kle "+ k) (78)
Ny Kk

N1 (1—e™) (79)
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Figure 12. Population relaxation of linear OCS with energy E = 20,000 cm~'. The circles are
the results of numerical simulation and the solid line represents the results of the theoretical kinetics
model. The initial population is assumed to be in region II. The top panel is the population versus
time in region I, and the lower panel is the population versus time in region II. [From M. J. Davis,
J. Chem. Phys. 83, 1016 (1985).]

where ki, k,, and k are

LS| K2 k_K1+K2

80
T1 T T + Ty ( )

The time scales characterized by t; and 1, give the mean passage time through
the dividing surface. Figure 12 shows the time-dependent populations of regions I
and II for OCS relaxation. The circles denote the numerical results and the solid
line is given by the above kinetics model. The initial population is assumed to be
in region II. The top panel is the population versus time in region I, and the lower
panel is the population versus time in region II. These comparisons demonstrate
that the Davis—Gray kinetics model is very successful.
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Figure 13. Energy relaxation of linear OCS at E = 20,000 cm~!. The top panel is for region I,
and the lower panel is for region II. The smooth line is from the theoretical model calculation. [From
M. J. Davis, J. Chem. Phys. 83, 1016 (1985).]

The energy relaxation associated with each of the regions can also be
predicted, and the results are displayed in Fig. 13 in a comparison with
numerical experiments. Again, there is impressive agreement between the
numerical results and the theoretical calculations.

Davis and Gray then successfully extended Davis’s analysis to van der Waals
molecule predissociation reactions such as

Hel,(v) — He + L(v' <v) (81)

As is typical for van der Waals molecules, there is a very large difference
between the I, and He-I, stretching frequencies. Depending upon the vibrational
energy associated with I, the effective frequency of He-I, stretching is about
four to five times smaller than that of I,. A discrepancy in vibrational frequencies
of this magnitude greatly inhibits intramolecular energy transfer and is expected
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Figure 14. An Hel, surface of section for an unstable trajectory which forms a collision
complex. The total energy is —2661.6 cm~!. Also shown are the reaction separatrix and the
intramolecular bottleneck. (@) Graph showing the full dynamics of the trajectory. (b)—(f) Graphs
illustrating the trajectory over five consecutive time ranges. These graphs are arranged to
demonstrate the manner in which the trajectory moves with respect to the bottleneck and the
separatrix. [From M. J. Davis and S. K. Gray, J. Chem. Phys. 84, 5389 (1986).]

to lead to a breakdown of the RRKM assumption of fast energy randomization.
This is indeed the case for the predissociation of Hel,. To simplify the analysis of
the nonlinear dynamics, Davis and Gray [11] adopted a simple model of the
molecule. Specifically, they assumed that the equilibrium geometry of Hel, is
T-shaped and that the I-1 and He-I, stretches describe all the vibrational motion.
The rotation of the molecule, along with its influence on the fragementation
kinetics, is neglected. Davis and Gray then located the dividing surface for
fragmentation and the bottlenecks to intramolecular energy flow, and they
calculated the fluxes across these surfaces using this model Hamiltonian. Both
the dividing surface for fragmentation and the bottleneck to energy transfer on a
PSS are shown in Fig. 14.

Davis and Gray also demonstrated the existence of a series of intramolecular
energy transfer bottlenecks, each corresponding to the breakup of a KAM torus.
For example, for I, in the vibrational state v = 20 they found intramolecular
bottlenecks associated with frequency ratios equal to (3 4 g) and up. However,
Davis and Gray found that the last “golden mean torus” to be broken up is
the most effective bottleneck to intramolecular energy transfer and is therefore
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Figure 15. A trajectory that undergoes predissociation with the total energy of the system
E = —2661.6 cm™!. In (a) the trajectory is trapped inside an intramolecular bottleneck and escapes
in (b) and finally dissociates. [From M. J. Davis and S. K. Gray, J. Chem. Phys. 84, 5389 (1986).]

the only one that needs to be considered to model intramolecular relaxation.
Figure 15 illustrates the most significant intramolecular bottleneck, the turnstile
used for calculating the flux, and a trajectory undergoing predissociation, with
the initial vibrational state of I, given by v =20 and the total energy
E = —2661.6 cm™!.

With only the most effective intramolecular energy transfer bottleneck
accounted for, a simple kinetics model describing the dynamics of He-I,
predissociation can be defined:

dN,
—=—-kN 82
— 1N (82)
dN-
d_[2 = k1N1 - k2N2 (83)

Here N, is the population of region I—that is, outside the regions of quasi-
periodic motion but inside the bottleneck to intramolecular energy transfer; k; is
the rate constant for trajectories that leave region I; N, is the population of region
II—that is, outside the bottleneck but inside the reaction separatrix; and k; is the
corresponding escape rate constant. Integrating Egs. (82) and (83) gives the time
dependence of the populations:

N
MO b, *
NoO) _ L fett e (ka4 ko fi)e ] (85)

Nr ka
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Figure 16. The T-shaped Hel, vibrational predissociation time dependence with the initial
vibrational state of I given by v =20 and v = 30. N = N; + N,. The dashed lines represent results
from theoretical kinetics calculations, and the solid lines represent results from trajectory
calculations. [From M. J. Davis and S. K. Gray, J. Chem. Phys. 84, 5389 (1986).]

where N7 is the total number of trajectories, f] is the fraction of phase space
points that start in region [ at # = 0, f, is the fraction of phase space points that
start in region Il at t = 0, £, is the fraction of phase space points corresponding to
quasi-periodic motion, and

ke =ky — ky (86)

This kinetics model was tested against the numerically exact classical trajectory
calculations for two initial vibrational states of I, namely, v = 20 and v = 30.
The results are shown in Fig. 16. In particular, in the case of v =20 the
theoretical result fits the numerical data extremely well.
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It is worth mentioning that Davis and Gray also found that at low energy, for
example, when I, is initially in a vibrational state with v < 5, no classical
dissociation occurs. Furthermore, if I, is initially in a vibrational state with
20 > v > 5, the dynamics appears to be so complicated that including only one
intramolecular bottleneck does not suffice. Indeed, in the case of v = 10 Davis
and Gray used two intramolecular bottlenecks to model the Hel, fragmentation
reaction. The two bottlenecks on a PSS are illustrated in Fig. 17. It is seen that

27 (a)

27 (b)

Figure 17. The Poincaré surface of section for T-shaped Hel, with the initial vibrational state
of I, given by v = 10. Two bottlenecks to intramolecular energy transfer are shown, together with a
5:1 resonance zone and the dissociation dividing surface. From top to bottom the figures show how
trajectories escape the first and then the second intramolecular bottlenecks. The bottom panel shows
trajectories passing the separatrix for dissociation. [From M. J. Davis and S. K. Gray, J. Chem. Phys.
84, 5389 (1986).]
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trajectories have to escape the first and then the second intramolecular
bottleneck before passing the dividing surface for dissociation.

B. The Gray—Rice-Davis ARRKM Theory

The Davis—Gray theory teaches us that by retaining the most important elements
of the nonlinear reaction dynamics it is possible to accurately locate the
intramolecular bottlenecks and to have an exact phase space separatrix as the
transition state. Unfortunately, even for systems with only two DOFs, there may
be considerable technical difficulties associated with locating the exact bottle-
necks and the separatrix. Exact calculations of the fluxes across these phase
space structures present more problems. For these reasons, further development
of unimolecular reaction rate theory requires useful approximations.

Gray, Rice, and Davis [12] developed an alternative RRKM (ARRKM)
theory in an attempt to simplify the Davis—Gray theory for van der Waals
predissociation reactions. Specifically, they replaced the exact separatrix with an
approximate phase space dividing surface by dropping a number of small terms
in the system Hamiltonian, and they replaced the exact mapping that defines the
flux across the true separatrix with an analytic treatment of the flux across the
approximate separatrix. This simplification is schematically presented in Fig. 18.

In addition, the ARRKM theory is restricted to the energy regime in which
the initial energy of the diatom is large (corresponding to a high-lying
vibrational state). Hence, it can be assumed that the rates of crossing the cantori
are much greater than that of crossing the separatrix. This separation of time
scales being the case, the rate of fragmentation is solely determined by the rate
of crossing the separatrix.

Briefly, the ARRKM theory represents the microcanonical rate constant in
the form

k(E) = I%qujdp 8(S)S0(S)3(E — H) (87)
where
N = | da [ dpo[-sx. pa(E - ) (88)

Here H is the full system Hamiltonian, E is the system energy, S(q,p) =0
defines the separatrix, S denotes the time derivative on the separatrix, (E — H)
defines the surface of constant energy, and 0(S) is the Heaviside step function.
Note that in essence the ARRKM theory belongs to the class of generalized
variational transition state theories. Indeed, if the separatrix is chosen to be the
conventional dividing surface in the configuration space, then the ARRKM
theory reduces to RRKM theory. However, the phase space separatrix defined in
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Figure 18. (a) A schematic composite surface of section for nonrotating T-shaped Hel,. (b)
Idealization of surface of section indicating flow out of various phase-space regions. The hatched
areas represent regions of quasi-periodic motion. [From S. K. Gray, S. A. Rice, and M. J. Davis,
J. Phys. Chem. 90, 3470 (1986).]

the ARRKM theory does not necessarily pass through the conventional
configuration space transition state.

To be more specific, consider again the two-DOF, nonrotating, T-shaped
model van der Waals molecule Hel, studied by Davis and Gray. The system
Hamiltonian is

P2 2

p
H=—+"—+V(R 89
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with
V(R, r) = ZVHe—l(RHe—I) + Vl_l(r) (90)

and
Rue—1 =/ (R? + 12 /4) (91)

where R is the van der Waals bond length (also the reaction coordinate), r is the
I-I bond length, Vi (Rpe_1) is the potential for the He-I interaction, and Vi1 (r)
is the I, stretching potential, both taken to be Morse functions. The ARRKM
theory uses the following zeroth-order phase space separatrix

PZ
S(R.P) =5+ Va(R) =0 (92)

With this simplification, Gray, Rice, and Davis obtained reasonably accurate
values for the predissociation rate constant as a function of initial vibrational
excitation. The rate constant thus obtained is larger than that from exact
trajectory calculations by about a factor of two. By contrast, the RRKM theory
would give a rate constant that is about three orders of magnitude larger than is
observed.

As expected, if the initial vibrational energy of I, is not large, then the rates
at which trajectories cross intramolecular bottlenecks will be comparable to the
rate of crossing the separatrix. In these cases the accuracy of the ARRKM
predictions decreases. In addition, when applied to a similar system with three
DOFs to include the orbital angular momentum of the separating fragments,
the AKKRM theory does not yield satisfactory results. This should not be
discouraging, considering the previously mentioned fundamental differences
between few-dimensional and many-dimensional systems.

C. The Zhao-Rice Approximation (MRRKM)

In this subsection we describe the Zhao—Rice approximation [13,14] to the
Davis—Gray theory. The approximations introduced by Zhao and Rice concern
the calculation of the locations of, and the fluxes of phase-space points across, the
separatix to fragmentation and the bottlenecks to intramolecular energy transfer.
The dividing surface for fragment separation is represented by a vibration—
rotation state-dependent separatrix, whose approximation is similar to but
extends and improves the approximation for the separatrix introduced by Gray,
Rice, and Davis. The novel feature in Zhao and Rice’s theory is the
representation of the bottlenecks to intramolecular energy transfer as dividing
surfaces in phase space. The locations of these dividing surfaces are determined
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by the same conditions that are used to locate the remnants of robust tori with
frequency ratios related to the golden mean. The flux of phase-space points
across both the separatrix and the intramolecular bottlenecks is calculated with
an analytic representation instead of a stroboscopic mapping. The rate of
unimolecular reaction is identified with the net rate at which phase-space points
escape from the region of bounded motion to the region of free fragment motion
by consecutively crossing the dividing surfaces for intramolecular energy
exchange and the separatrix. The Zhao—Rice approximation to the intramole-
cular and intermolecular flow in systems with higher dimensionality has been
named the modified RRKM theory (MRRKM). The MRRKM theory gives
predictions of the rates of predissociation of van der Waals molecules that are in
very good agreement with available experimental data.

Zhao and Rice started their analysis by defining a Hamiltonian for a model
system designed to mimic a van der Waals complex of the diatom BC and the
atom X. The full classical Hamiltonian for that system can be represented, as a
function of the variables {P,p,1,j,R,r, g, g;}, in the form

P2 p2 12 N j2

H=>+—
2u + 2m * 2uR?  2mr?

+V(R,r,y) (93)

where the effective masses in the Hamiltonian are

mphmc
mp + mc

and

myx(mp +m
= s + me) (95)
myx + mp + mc¢

r is the vector connecting the two atoms in the diatom BC, R is the vector from
the center of mass of BC to X, and P and p are the corresponding conjugate
momenta. Here 1 is the orbital angular momentum

I=RxP (96)
and j is the diatom rotational angular momentum
j=rxp (97)

Note that the total angular momentum J = j + 1 is conserved. For convenience
we denote |X| by X and adopt here the convention /i = 1. The angle between the
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vectors R and r is given by v, which can be written in terms of the angle variables
q; and g; as

cos(y) = —cos(qr) cos(qy) + [(% +j7 = J*)/(21))] sin(qr) sin(gq;) ~ (98)

The potential function appearing in the Hamiltonian can only depend on the
magnitudes of R and r and the angle y. Zhao and Rice chose the potential energy
surface for the model van der Waals molecule to be a combination of Morse
functions such that

V(R,r,7) = V(r) + WR,r,7) (99)
W(R,r,7) = zz; V(x) (100)

where
V(x) = Dlexp[—20(x — )] — 2exp[—a(x — ¥)]] (101)

is a Morse potential with parameters D, o, and x. If the molecular fragment BC is
homonuclear then

X = [R2 + /4 4+ Rr cos(y)] 12 (102)
x, = [R*+1*/4 — Rrcos(y)] 172 (103)

while for the heteronuclear case

x1 = [R+ 12 /4 + Rry cos(y)] (104)
2 =[R2+ 12 /4 — Rrycos(y)] (105)
with
mp
r=—>" 106
1 (mB +mC) ( )
mc
___Mc 107
r (mB T mc) r ( )

Note also that parity conservation can be used to decouple the Hamiltonian for
the model system into four equivalent parts. Indeed, either of the substitutions
¢ — q;+m and g; — g; +  generates the exchanges x; — x and x; — x;.
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These substitutions leave the potential function, and therefore also the
Hamiltonian, unchanged. This property of the Hamiltonian simplifies the
integration over phase-space.

The system Hamiltonian can be approximated, as in the ARRKM theory, by
decoupling the diatom vibrational motion from overall rotational motion of the
molecule and from the van der Waals bond stretching. With this approximation,

Ho = Hy(p,r) + Hy(P,j,1,R,Y) (108)
where
1 P2
H =5-+V 109
S =24 vir) (109)
and
2 2 7

P
H(P,j,,R,y) = —+ + W(R,7,7) (110)

2u 2uR? + 2mr?

with 7 being the equilibrium internuclear separation in the diatom. Given this
approximate three-body Hamiltonian, the energy is well approximated to first
order in the vibrational anharmonicity by

E= Ep t E(4) + Exln) 1 E,G.1) (1)
. Ep — —(Dxs + Dxc + Dsc) (112)
E() = (v—i—%)wr— (v+%>2Xr (113)
Eﬂn%:<n+%>mR—(n+%>2R (114)

and E,(j,[) given by

E,(j,1) = (j+;>coj+ <1+;)w— (j+;)2x,— <l+;)2x, (115)

in the case of J > 0 and

E,(j, 1) = (l+%>my— <l+§)2xy (116)

for/J=0andj=1
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Suppose that the system is prepared in a specified vibrational state of the
diatom with a vibrational quantum number v, while the van der Waals bond is
maintained in its ground vibrational state (n = 0). The several frequencies
appeared in the preceding equations, corresponding to motion along the several
coordinates, are defined by

(1 a@eH)'? o?
o Meder| " 4D,

X

(117)

where x = R, r,vy; M, = u, m, I(R, 7).
1. An Approximate Dividing Surface for the Separatrix

For a given diatom vibrational state with classical vibrational action v, Zhao and
Rice defined a vibrational-state-dependent separatrix function by

p2 P2 7
2u + 2UR? * 2mr?

SSep - + W(R,?v Y) - SR,Y(O) - g(v) (118)

where €(v) is the energy that can be transferred from the diatom vibrational mode
to the van der Waals stretching and bending modes. The definition of Ssep is
motivated by considerations based on the conservation of energy. The total
energy of the system is given by

p2

L +W(R,7,y)+{—+V(r)}

2 + 2uR? o
PZ lZ j2
“on ke P o
~ ery(0) + E,(v) (119)

2m

+W(R,7,y) + E(V <)

so that

p2 P 7
PRI CRE e
~0 (120)

Ssep = + W(R,7,v) — €ry(0) — [E,(v) — E,(v/ < V)]

which is just the definition for Ss.,. For a T-shaped nonrotating model the
dependences of Ssep on j, [, and y are eliminated.

The inclusion of g(v) in the definition of separatrix involves the assumption
that, as in adiabatic variational transition state theory, the diatom remains in the
same vibrational state throughout the slow van der Waals bond stretching and
breaking process. That is, the vibrational quantum number v of the diatom in the
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van der Waals molecule is invariant throughout the bond-breaking process.
However, the frequency of the diatom vibration with quantum number v is a
function of the length of the van der Waals bond, and it is not constant
throughout the bond-breaking process. That frequency is obtained from

o(v) :%E,(v) (121)
which yields
o) =0, — 2v+ 1)y, (122)

The active part of the vibrational energy is defined by the relation
/ d /
e(v) =E.(v)—E.(V <v)= o [E.(v) — E.(vV/ < V)] (123)
y
which leads to
e(v) = vo(v) (124)

and

P2 12 j2
2u + 2uR? tome

Ssep = + W(R,7,7) — ery(0) — vor(v) (125)

In a classical treatment, any fraction of the energy deposited in the diatom
vibration can be transferred to the van der Waals stretching and bending modes.
However, there is a penalty associated with transferring energy in excess of that
needed to break the van der Waals bond, so one expects to find that the average
energy transferred is much less than the total diatom vibrational energy.

2. An Approximate Dividing Surface for Intramolecular Bottlenecks

Zhao and Rice then developed an approximation to locate the intramolecular
bottlenecks and calculate the associated flux. There are two principal motivations
for the development of such an approximation. These are, first, the need to
simplify the very complicated mapping-based calculation of the flux crossing a
cantorus so as to make the calculation practical in systems with many DOFs and,
second, the desirability of having a simple representation of the intramolecular
energy transfer barrier in terms of molecular properties.

Imagine that a dividing surface is drawn around the cantorus. Since the
cantorus lies entirely inside the separatrix, the dividing surface that just contains
it will correspond to a bound state of the molecule—that is, one with negative
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energy. In this region of phase-space the maximum kinetic energy that can
be accumulated in the van der Waals bond of the molecule can be estimated
from

o o(v)
or(n) = N+g) (126)

with the local frequency wg(n) given by

or(n) :%ER(n) = op — (2n+ 1)1, (127)

A simple rearrangement yields

n=—-+ 128
n (128)
which gives
[0f — 0k(n)]
Eg(n) = =2 R
r(n) 4Ar
1 2
- AU (129)
xR (N+g)

This is the maximum kinetic energy accessible to the van der Waals bond when
motion is limited to the interior of the dividing surface that just contains the
contorus.

To locate the intramolecular bottleneck, it is assumed that there is no energy
transfer to the van der Waals stretching motion or to rotational motion, so the
energy in all other DOFs is conserved. This energy is negative, corresponding to
bounded motion, and is given by

P2 lZ j2
R T ome

+ W(R,7,v) = —Dxg — Dxc + Er(n) + E,(j,1) (130)

which leads to the following definition of the dividing surface that represents the
intramolecular bottleneck:

PZ 12 j2
S. [
o0 * 2UR? o

+ [Dxg + Dxc — Er(n) — E,(j,1)] (131)

+ W(R,7,7)
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Again, for a T-shaped nonrotating model molecule the dependence of Siya ON J, /,
and y can be eliminated and we find

p2 ) 1 (v
Sinra = z—+ W(R,7) + Dxg + Dxc — — wfe—#)z (132)
2p 4k (N+g)

When applied to a particular case, N is chosen using the prescription introduced
by Davis and Gray. For example, in Hel, the frequency of the van der Waals bond
is 26.4cm™! and the diatom vibrational state with v = 20 has a local frequency
o,(v) = 93.81 cm™!, implying that 4 < N < oo.

As shown before, in a system with two DOFs the bottlenecks to
intramolecular energy transfer appear in those regions of phase-space where
the nonlinear oscillators have the most difficulty driving each other—that is,
regions where the ratio of frequencies is irrational. For the three-body system
here, Zhao and Rice selected for consideration only the pairwise resonances,
assuming that these dominate the system dynamics. This assumption is
consistent with the numerical results of the dynamics of model systems with
four DOFs studied by Gillilan and Ezra [18]. The most important of the pairwise
resonances is that involving coupling of the diatom vibration and the van der
Waals bond vibration. In this case the local frequencies associated with the other
degrees of freedom are not constrained. Let

0, (v) fon(n) = Ry (133)

and, for simplicity, we assume j = 0 and / = 0. Then

1 *(v)
Egr(n) = — |03 — — (134)
dyg [ kOR
and the intramolecular bottleneck dividing surface takes the form
P? 1 0*(v)
Sintra = =— + W(R, 7 Dxp + Dxc — — |0 — — 135
intra 2“ + ( T, Y) + Dxp + Dxc 4XR |fnR RI% ( )

3. A Zeroth-Order Calculation of the Rate Constant for Crossing
Intramolecular Bottlenecks

It is instructive to examine a zeroth-order calculation of intramolecular energy
transfer in a model molecule in which the energies of the vibrational and
rotational modes are conserved separately, in which the initial excitation of the
van der Waals stretching mode is zero (n = 0), and in which the initial values of
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the molecular and orbital angular momenta are zero (j =/ = 0). During the
intramolecular vibrational relaxation process the maximum kinetic energy in the
van der Waals mode cannot exceed the initial energy, so

P2
— <E =0 136
2w R(n ) ( )
and
2
J[1 1 .
—|—=+—|=E,(G=1=0 137
2(HR2+W2) [(j=1=0) (137)

Given these constraints the intramolecular rate constant can be rewritten as

Kintra = NLAJdP dp dR dr dySO(S)3(S)S(E — H)® {ER(O) - ;J (138)
Integration over the momenta yields
. )

Kintea = NiAJ dR dr dy ; S8(S )9}()%2252 R<OL%_) ki) (139)

with
A* =2u[E—E,(j=1=0) - V(R,r,7)] (140)
Pi = +/2p[Er(n) — Dxg — Dxc — W(R,7,7)] (141)

and
Py = —/2u[Eg(n) — Dxs — Dxc — W(R, 7, 7)] (142)

To calculate the normalization constant N, in ki, Zhao and Rice proceeded
as follows. Assuming that the system is prepared in a state with all the phase-
space points inside the intramolecular bottleneck dividing surface, then the
density of these phase-space points can be written as

p(p,x) = Fs(p,x)3(E — H) (143)

One can also assume that after the intramolecular vibrational relaxation process
is completed the phase-space points are uniformly distributed inside the system
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separatrix. The zeroth-order approximation to that region then defines the
constraint

P2
—+ W(R,7 0 144
2u+ ( ?r)’Y) < ( )
and
Ny = J dP dp dR dr dy0(—F)3(E — H) (145)
with
PZ
F="+W(R,7 14
St WREY) (146)

After integration over momentum, one finds
. (P
Ny = ZJ dR dr dy arcsin <—) (147)
min
with

Puin = min|v/=20W(R, 7,7), ] (148)

4. The Rate Constant for Crossing the Separatrix

One still has to carry out calculations for the rate constant ksep of crossing the
separatrix Ssep defined above. According to the ARRKM theory, for particular
total angular momentum J one has

1 ..
kSep(J) = dePdp djdldrdq; dq;S6(S)d(S)d(E — H) (149)
where
Na(J) = J dPdpdjdldrdq; dg,6(—S)3(E — H) (150)

with the values for j and [ constrained by angular momentum conservation.
The integrals in Egs. (149) and (150) can be evaluated as follows. We slightly

deviate from a strictly classical analysis by quantizing the orbital angular

momentum / and the diatom rotational angular momentum j. That is, we assign
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j and [ integer values, which procedure reduces the dimensionality of the
integrations by two and thereby reduces the difficulty of subsequent numerical
evaluation by the Monte Carlo method. For any given value of J, j and [ are
related by

so that k(J) and N4 (J) reduce to

Jmss 1]
ksep(J) = #(J)Z > J dP dp dR dr dq; dq;S0(S)5(S)S(E — H) ~ (152)

=0 1=~
jmax “]+‘I|

Na()=>" > J dP dp dR dr dq; dq,0(—S)3(E — H) (153)
=0 =17~

The integration over p yields

. (J) /2m Jmax W J dP dR dr dqj quSSepe(Ssep)S(SSep) (154)
inter =
NalJ) J=0 I1=[J—jl \/E - I;—; - 2:? — 5tz — V(R 1,7)
Jmax |J+]‘
dP dR dr dgj/2mB(—S
Nao(J) = J —— (=Ssep) (155)
=0 =7~ \/E e = - VR
The time derivative of the separatrix
. d .
SSep :ESSBP(PvRa‘hL’Y) (156)
can be evaluated from its Poisson bracket with the Hamiltonian
_ aSSep a_H . aSSep a_H
P "3R 0P 0P OR
aSSep a_H _ aSSep a_H aSSep a_H _ aSSep a_H (157)
O0q ol 0l 0q 9q; O O Og;
Then it is followed by integration over P, leading to
w/—4 miz 21 dR drdg;dgr pSsep0(Sse
bsol) = 7 3 3. 3o RGBS 15y

jOIIJ_]|ll
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with
2 0 £ U 7 159
Py =+ M[SR,V( ) +vo(v) —M—W—W(R,RY)} (159)
12 j2 B
P2 = — 2!,1 |:8R,y(0) + V(D(V) — W - W — W(R, r, Y):| (160)
and
l2 j2
A= /2U|E — —— ——— —w(R,T 161
u[ SR w(R, 7, Y)} (161)

The step function sets the limit for the integration range of P, namely,
— | Pi(lj;R,qi,q;) |< P <| Pi(L.j,R,q1,q;) |, ~ i=1,2 (162)

After carrying out the integration over P, one finds

1 e U4 2 derdqdq,uSs O(SS )
ke = J i p9\5Sep (163)
TP DIDD) by ey

fon N Prin(,j, R, 1, q1,4))
Na(J) =2 dPdR drdg;d i L 02 164
A( ) ]:ZO l;JJ TG arCSln|: A(l,j,R,l", qlaq]) ( )

with
Pmin - min{Pi(l7ja Ra r, qhqj)a A(la.]a R7 r, ql7qj)} (165)

The total rate constant is determined by the sum over contributions from all
kinter (J), that is,

Jmax
ksep =, lim > " ksep(J) (166)
max ]:0

The model of van der Waals fragmentation used by Zhao and Rice, like that
of Davis and Gray from which it is derived, assumes that the crossings of the
several bottlenecks in the phase-space of the molecule are independent. A
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R

Figure 19. A schematic plot of the ideal bottlenecks on the Poincaré surface of section for van
der Waals molecule predissociation. R is the van der Waals bond length and P is the conjugate
momentum. S; is the intramolecular bottleneck dividing surface and S, is the intermoleculear
bottleneck dividing surface.

schematic bottleneck on a PSS is shown in Fig. 19. Then the observed rate of
fragmentation is described by the set of kinetic equations

dN
d_ll - _kinlraNl (167)
dN.
7: == kimraN] - kSepNZ (168)

where N and N, are the populations of phase-space points inside and outside the
intramolecular energy transfer dividing surface. The solution to this set of
equations is

Ni(t) = Ny (0)e Kt (169)
N 1 (O)kintra

N> (t) = N> (0)e Mo’ + [——
ep intra

[e_kin!rat _ e_kSept] ( 170)

and the total number of points inside the separatrix is

N(1) = Ni(1) + Ny (1)
Ni(0)

- kSep - kintra

+ N (0)eFsee! (171)

—Kintra? —ksept
[kSepe " — Kintra€ %p]
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The separation of the phase-space inside the separatrix into a region inside
and a region outside the intramolecular energy transfer dividing surface defines
the initial conditions N;(0) and N,(0), and leads us to write

N1(0) = fiN(0) (172)
N>(0) = 2N (0) (173)
fith=1 (174)

so that total population as a function of time is given by

N(1) _ N
N(O) kSep - kintra

[kSepeikimmt - intraeikSCpq +f2€7kSCpt (175)

Zhao and Rice have calculated the fragmentation rate constant k by fitting the
numerical simulation data from the time at which dissociation first starts to the

time when
N()\ B
In (N(O)) = -1 (176)

This method of calculating the fragmentation rate constant gives good agreement
with the rate constants determined by trajectory calculations.

D. The Reaction Path Analysis

In this section we discuss the use of the Miller-Handy—Adams reaction path
formalism [37] so that the dynamics of a seemingly complicated system can be
better understood and analyzed. For example, if, with that formalism, the
dynamics of a system can be reasonably reduced to only two or three DOFs, then
it is expected that one can directly apply the above various statistical theories for
few-dimensional systems. In the reaction path formalism the reactive trajectory
is determined by the minimum energy path with small displacements from that
path.

The Hamiltonian for an N-particle molecular system is, in Cartesian
coordinates, given by

3N 2

HpX) =Y 5+ V(x) (177)

i=1 !

where x is the 3N-dimensional coordinate vector and P; (i = 1 — 3N) are the
conjugate momenta. Leta = (ay, ... ,asy) be a vector on the reaction path. Then
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the potential energy function V(x) can be expanded near the reaction path in
powers of (x — a). To second-order, one has

V(x) = V(a) + VV(a) ~(x—a)+%(xfa)oF~ (x — a) (178)

where F is the force constant matrix. Because the displacement vector (x — a) is
orthogonal to the reaction path in the 3N-dimensional space, the linear term in
the preceding equation vanishes. The motions associated with the overall rotation
and the translation of the center of mass are not of interest and can be removed by
use of the projected force constant matrix

F’ = (1-P).F.(1-P) (179)

where PRT is the projection operator for the overall translational and rotational
motion. Following the application of the projector PX”, a normal mode analysis
can be carried out for vibrational motion.

For a polyatomic reactant with many DOFs, the scale of numerical
calculations required to execute this approach can be prohibitively large. The
simplest approximation that reduces the scale of numerical calculations is to
neglect some subset of the internal molecular motions. However, this
approximation usually leads to considerable error. A more sophisticated and
intuitively reasonable approximation is to reduce the system dimensionality by
placing constraints on the values of the internal molecular coordinates (instead
of omitting them from the analysis). It is this approximation that we now
consider.

Assuming that most of the atomic displacements in the reactant molecule are
small, the most obvious choices for constraints on the internal coordinates not
directly participating in the reaction are fixed values of the bond lengths and
bond angles. To represent the fixed bond length between atoms A and B, denoted
by dap, a unit vector is introduced, the components of which are

(AB) (”Au - VBon) (AB) _ (VAcx - rth)

ey = ey, = ——="
Aa V2dyp B V2dyp

These components are combined to form the vector

a=xy,z  (180)

0. oAB) (AB) (AB)

L8P AP AP 0,0, eY) ) P 0,...,0)

r o o_
u(AB)_(O"”’ ) €px 7eBy »€p; s
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To represent the fixed angle between atoms M, O, and N, with O at the vertex
position, we introduce the following two unit vectors:

(MON) A (rNoc - rOa) 0 _ (er, - rOoc) 182
Nt dyo sin Oyon { dno co8 Eon dmo (182)
e%om _ _(e%ozv) " 6%01\]))7 o=XY,2 (183)

where A is a normalization constant, and the bond angle 0,,0y is defined by

(ry —ro) - (ry — o)

cos = 184
MOoN duo dno (184)
These vector components are combined to form the unit vector
MON) (MON) (MON
u(TMON) = [0, ... 70731(1/1x ),el(wy ),e](m )
0,...,0, e(OAfON), e%om, e(OAfON)
0,...,0,ep ™, et ey, 0,...,0] (185)

To construct the projection operators corresponding to the constraints, the
subspace unit vectors representing different constraints must be independent. As
shown by Miller et al., this can be affected by Gram—Schmidt orthogonalization
that yields a set of orthogonal unit vectors:

k—1
= ujuf] u (186)

J=1

ll;{ZNk

where Ny is the normalization constant. The projection operator is then given by

I
PC = "uju/ (187)
k=1

where the prime indicates orthogonalized unit vectors and f is the total number of
constraints (the same as number of DOFs reduced). The use of PC yields

Fiina = (1 — P€ — PRT) . F - (1 — P¢ — PT) (188)

A normal mode representation of the Hamiltonian for the reduced system
involves the diagonalization of the projected force constant matrix Fgp,, which
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in turn generates a reduced-dimension potential energy surface in terms of the
mass-weighted coordinates of the reaction path:

3N—f—7

V(s, Q15 Qins-17) ) + oz (s) (189)
[y

The coordinates {Q, k = 1,2,...,(3N —f — 7)} are the normal mode coordi-
nates and y(s), k =1,2,...,(3N —f —7), are the corresponding normal
mode frequencies. The kinetic energy is then given by

2
W7 [px = YD1 QuBu(s)P 4
T = Z %Pk +

2
=1 2 (1 + NI QkBk,3N7f76)

(190)

where the By(s) describe the Coriolis coupling between the normal modes and
the By sn—s—c(s) originate from the curvature of the reaction path.

Further reduction of the constrained reaction path model is possible. Here we
adopt a system-bath model in which the reaction path coordinate defines the
system and all other coordinates constitute the bath. The use of this
representation permits the elimination of the bath coordinates, which then
increases the efficiency of calculation of the motion along the reaction
coordinate. In particular, Miller showed that a canonical transformation of the
reaction path Hamiltonian (7 4 V) yields [38]

H = 1 [7‘ > + V(S)
: [1""2%} 7 QkBkBN—f—(u]
3N—f=T7 3N—f-T7 IN-f=T
+ Z 5P; + Z 10 (9)0; + Z QiBri(s)Qy (191)
k=1 k=1 k(=1 k£

where B’kg(s) and Bng,f,G are related to Bye(s) and Bysy—s—e Via a unitary
transformation, and the ®; are the normal mode frequencies in the new
representation. If we expand the first term of Eq. (191) such that

1

2
[1 + Z}z T OB - 6}
IAN—f—7 IN—f—7

=1-2 OkBian—p—6 +3 OQiBiay s ot (192)
k=1 k=1
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then
P’ » N-f-T IN-f-T
H = ?3 + ?S 2 Z QkBk,3N—f—6 — 3 Q%B%,3N7f76 + -
=1 k=1
3N—f—17 3N—f— W—f-T
+ P+ 30 (5)0F + Z OiB(s) O (193)
k=1 k=1 kf=1k#(

For consistency with the quadratic approximation used in the potential
expansion, the above expression for H has been truncated at the quadratic term;
the higher-order and off-diagonal terms in the expansion can be treated as
perturbations. Then, the approximate effective Hamiltonian for the reaction
dynamics can be written in the form

2 WL IN-f-7
Hesr (s, { Ok }) 2754- Z P 5) + %
=1 =1
3N—f 7
—2E,( OB sn—r—6(s) (194)

k=1
where E,(s) = p?/2 and Q3 (s) is given by

Q%(S) = CI)/%(S) + 6Ea(s)BI%,3N7f76(s) (195)

We note that this effective Hamiltonian Heg (s, {Qx}) treats the bath as a set
of linearly shifted harmonic oscillators, that is,

pz 3N—f-T 3N—f—7
__FPs 1p2 1
Hef (s, {Qk})-?"" ; P +U(s) + ; 32
~ 2
2Ea (S)kBk 3N—f—6 (S
— — 196
o - 2Eelhdn (196)
where U(s) serves as the effective energy barrier and is given by
3N—f-7 2
)B
U(s [ iBravyo(s )} (197)
= Q(s)

One way of eliminating the harmonic bath coordinates is to use the vibrational
adiabatic approximation, which leads to

IN—f—7
H,q : + 8v1b ng, S (198)
k=1
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with
1
svib(nk, S) = (l’lk + 5) th(S) (199)

where the zero-point vibrational motion has been accounted for.
E. XI, Predissociation

The van der Waals molecules XI, (X = He, Ne, Ar) are the primitive systems
for testing the various theories described in the preceding subsections. The
unimolecular reactions are

XL(v) = X+ LV <v) (200)

These reactions have played a significant role in understanding unimolecular
predissociation. The potential parameters relevant to the calculations reviewed
below are listed in Table I.

1. HEIZ

The predissociation of Hel, has been extensively studied, both experimentally
and theoretically. Davis and Gray [11] carried out a detailed analysis of the
classical mechanics of predissociation of a nonrotating T-shaped model of Hel,.
Gray, Rice, and Davis [12] evaluated the predissociation rate using their
ARRKM theory and explored the associated PSS for various initial vibrational
states. For the same system, Zhao and Rice studied both the intramolecular
bottleneck and intermolecular dividing surface using their MRRKM theory.
We consider first the simplest model of the Hel, predissociation, namely the
one that restricts the geometry to a T-shape and that excludes rotation. The
calculated rate constant for crossing the separatrix from the MRRKM theory, as

TABLE I

Morse Potential Parameters for Triatomic van der Waals Molecules
Diatomic D (cm) a(ag!) x(ag")

-1 4911 0.9380 5.6994
CI-Cl1 3145 1.2450 4.5610
1-Cl 1270 2.0955 5.0267
I-Ar 122 0.7000 9.4500
I-Ne 26 0.9525 10.2045
I-He 18 0.6033 7.5589
Ne-Cl 39 0.9525 6.9920

He-Cl 14 0.8467 6.8030
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TABLE II
Rate Constants (in cm™!) for Crossing the Separatrix in the Case
of a T-Shaped Hel, Molecule”

v Davis—-Gray MRRKM ARRKM
10 0.186 0.140 0.52
20 0.374 0.393 0.80
30 0.626 0.679 1.09
50 1.295 1.22 1.89

“The initial vibrational state of I, is represented by v.

a function of initial vibrational excitation, is displayed in Table II along with the
exact calculations of the same rate constant by Davis and Gray [11] and the
approximate ARRKM calculations by Gray, Rice, and Davis [12]. It is seen that
the rate constants obtained from MRRKM theory are in satisfactory agreement
with the results of Davis and Gray over the range v = 10-50. Also evident is
that the MRRKM rates are significantly better than those from ARRKM, which
is, after all, based upon a zeroth-order approximation to the phase space
separatrix. It should be stressed that thus far all these calculations omit the
effect of nonstatisitical intramolecular energy transfer, and hence give results
that are too large by more than a factor of 2 for v = 20 and about a factor of 20
for v = 10.

When the effect of intramolecular energy transfer is taken into account, more
accurate rate constants can be obtained. We first compare the rate constants
associated with the intramolecular bottleneck from the MRRKM theory with
those from the Davis—Gray turnstile approach. As seen in Table III, they are in
reasonable agreement. Hence, the Davis—Gray theory and the MRRKM theory
predict similar overall reaction rates. This is demonstrated in Table I'V. Table IV
also shows that the predissociation rate constants would have been over-
estimated by a factor more than 100 if the RRKM theory were to be directly
applied.

TABLE III
Intramolecular Bottleneck Predissociation Rate
Constants (in cm™") for the T-Shaped Hel, Molecule?

v Davis—-Gray MRRKM
10 0.121 0.16
20 0.216 0.27
30 0.273 0.43
50 — 0.60

“The initial vibrational state of I, is represented by v.
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TABLE IV
The Overall Predissociation Rate Constant (in cm™!) for the T-Shaped Hel,
Molecule, with Intramolecular Bottlenecks Considered®

v Davis—Gray MRRKM ARRKM RRKM
10 0.083 0.076 0.52 66.0
20 0.17 0.24 0.80 110.5
30 0.56 0.56 1.09 135.7
50 1.57 1.22 1.89 128.0

¢ The initial vibrational state of I, is represented by v.

A more complicated model of the van der Waals molecule allows for
considerations of diatom rotation and the orbital angular momentum of the
separating fragments, subject to the constraint that the total angular momentum
is zero (J =0,j =1). The theoretical rate constants for this model, with or
without considering intramolecular bottleneck effects, are compared to the
experimental data of Levy and co-workers [39,40] in Table V for v=35 to
v =35. As expected, the calculated fragmentation rate constants without
intramolecular bottleneck effects are larger than the observed fragmentation rate
constants by a considerable amount, namely a factor of 12 when v =35,
decreasing to a factor of 2 when v = 20. However, the overall reaction rates
from the MRRKM theory are seen to be in rather good agreement with the
experimental data.

2. Nel, and Arl,

Experimental results for the predissociation of Nel, are available from the work
of Zewail and co-workers [41]. Since the frequency of the Nel, van der Waals

TABLE V
Predissociation Rate Constant of the MRRKM Theory (in cm™') for a
Three-Dimensional Model of the Hel, Molecule, Compared to the
Available Experiment Observations”

v ksep Kintra k Experiment
5 0.039 0.018 0.013 0.0032

10 0.068 0.034 0.028 0.015
15 0.10 0.044 0.047 0.034
20 0.13 0.086 0.086 0.070
25 0.15 0.15 0.13 0.12
30 0.22 0.34 0.22 0.19

35 0.25 — 0.25 —

“The initial vibrational state of I is represented by v.
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TABLE VI
Predissociation Rate Constants of the MRRKM Theory (in cm™!) for a
Three-Dimensional Model of the Nel, Molecule, Compared to the
Available Experiment Data®

v ksep Kintra k Experiment
10 0.019 0.016 0.011 —
13 0.046 0.0096 0.020 0.025
14 0.051 0.011 0.025 0.027
15 0.063 0.025 0.038 0.029
16 0.064 0.031 0.043 0.033
17 0.067 0.031 0.048 0.042
18 0.074 0.027 0.056 0.050
19 0.073 0.043 0.060 0.061
20 0.082 0.048 0.073 0.062
21 0.085 0.073 0.081 0.077
22 0.10 0.11 0.10 0.092
23 0.11 0.28 0.11 0.10
25 0.13 — 0.13 —

“The initial vibrational state of I, is represented by v.

bond is much larger than that in Hel,, we expect the contribution of flux across
the intramolecular energy transfer dividing surface to the rate of predissociation
to be smaller than in Hel,. The calculated ks, as a function of initial vibrational
excitation from v = 10 to v = 25 is compared with the experimental data in
Table VI. It is seen that the neglect of the influence of intramolecular vibrational
relaxation on the predissociation process does lead to an overestimate of the
fragmentation rate, but the discrepancy is much smaller than in the Hel, case.
Indeed, for Nel, we find reasonable agreement between the calculated kgep and
the observed rate constants for v > 18, and the error is less than a factor of 2 for
v<18. The MRRKM calculations of the rate of predissociation of Nel,, which
include the rate of intramolecular energy transfer and allow for nonzero diatom
and fragment orbital angular momenta (subject to the total angular momentum
being zero, J =0, j=1[) are also shown in Table VI. Comparison to
experimentally observed predissociation lifetimes for Nel, shows that the
agreement between the MRRKM theory and experiment is satisfactory.

Zewail and co-workers [42] made a few measurements of the rate of
predissociation of Arl, but only the ratios of the rate constants for different
initial vibrational excitation were reported. The predissociation of Arl, was also
experimentally studied by Levy co-workers [39,40]. The experimental data—for
example, the ratio k(v = 21)/k(v = 18)—again support the MRRKM theory. In
this particular application, the MRRKM calculations were based on a three-
dimensional model in which both diatom and fragment orbital angular
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TABLE VII
Predissociation Rate Constant of the MRRKM Theory
(in cm™") for the Three-Dimensional Arl, Molecule?

v kSep kintm k
15 0.020 0.0048 0.0088
16 0.034 0.0082 0.016
17 0.047 0.0098 0.024
18 0.045 0.015 0.027
19 0.059 0.021 0.038
20 0.063 0.026 0.045
21 0.071 0.033 0.054
22 0.085 0.069 0.071
25 0.089 0.073 0.085
30 0.12 0.018 0.012

“The initial vibrational state of I is represented by v.

TABLE VIII
The Rate Constant Ratio k(v = 21)/k(v = 18) for Three-Dimensional Arl, Predissociation
Levy and co-workers Beswick and Jortner Zewail and co-workers MRRKM
2.2 2.5 2.9 2.0

momentum are nonzero (again subject to the total angular momentum being
zero, J = 0, j = ). The corresponding MRRKM rates are shown in Table VII. A
comparison between the MRRKM result, the theoretical result of Beswick and
Jortner [43], and the observed data for the rate-constant ratio k(v =21)/
k(v =18) is shown in Table VIII. The agreement between calculated and
observed ratios of reaction rate constants is modestly good.

F. XCl, and XICI Predissociation
1. HeCl, and NeCl,

Cline and co-workers [44-46] carried out experiments on the rates of
predissociation of both HeCl, and NeCl,, with the initial vibrational state of
Cl; in a certain range. The calculated fragmentation rates of HeCl, as a function
v are listed in Table IX along with the available experimental data. For the same
molecule, Table X displays a comparison of the MRRKM calculated lifetimes
and the experimental predissociation lifetimes by Cline and co-workers. Similar
comparsions are made for NeCl, in Table XI and Table XII.
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TABLE IX
Predissociation Rate Constants from the MRRKM Theory (in cm™') for the
Three-Dimensional HeCl, Molecule Compared to the Available
Experiment Observations®

v ksep Kintra k Experiment
6 0.123 0.0086 0.0080 —
7 0.135 0.012 0.011 —
8 0.150 0.023 0.020 0.011
9 0.172 0.032 0.027 0.019

10 0.183 0.016 0.033 0.030

11 0.187 0.038 0.065 0.055

12 0.216 0.070 0.099 0.101

13 0.277 0.088 0.14 —

14 0.284 0.056 0.17 —

15 0.295 0.069 0.18 —

“The initial vibrational state of Cl, is represented by v.

TABLE X
Predissociation Lifetime (in ps) for the Three-Dimensional HeCl, Molecule®
v MRRKM Cline (QM) Cline (Expt.) Zhang Gray
8 271 311 506 245 240
9 198 231 275 180 —
10 160 131 179 180 —
11 82 75 97 100 —
12 53 71 52 66 —
13 — 44 — 33 —

“The initial vibrational state of Cl, is represented by v.

TABLE XI
Predissociation Rate Constant from the MRRKM Theory (in cm™") for the
Three-Dimensional NeCl, Molecule Compared to the Available
Experiment Observations®

v ksep Kintra k Experiment
6 0.096 0.0045 0.0043 —
7 0.125 0.0157 0.013 —
8 0.147 0.025 0.021 —
9 0.174 0.034 0.028 0.022

10 0.178 0.022 0.040 0.029

11 0.200 0.043 0.071 0.053

12 0.226 0.032 0.075 0.081

13 0.244 0.076 0.12 0.16

14 0.287 0.079 0.15 —

15 0.295 0.069 0.16 —

“The initial vibrational state of Cl, is represented by v.
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TABLE XII

Predissociation Lifetime (in ps) for the Three-Dimensional NeCl, Molecule®

v MRRKM Cline (Expt.) Gray Gray (QM)
9 192 240 — 310
10 131 180 — —
11 75 100 150 120
12 71 66 — —
13 44 33 44 40
20 10 — 4.5 —

“The initial vibrational state of Cl, is represented by v.

Wozny and Gray [47] reported classical trajectory calculations of the rate of
predissociation of NeCl, for v = 11, 13, and 20. Their results are also compared
with MRRKM calculations in Table XII. In particular, in the case of v = 13,
Wozny and Gray’s trajectory calculation and MRRKM calculation give the
same lifetime of 44 ps. However, for v = 11 and v = 20 the MRRKM theory
gives lifetimes of 75 ps and 10 ps, respectively, whereas the classical trajectory
calculations yield the values 150 ps and 4.5 ps. These differences are, of course,
a measure of the accuracy of the approximations used in the MRRKM theory.

The excellent agreement between the MRRKM theory and the experimental
results shown above is not totally expected. After all, the MRRKM theory is an
approximate and classical statistical theory. As such, it is interesting to actually
compare the MRRKM results with fully quantum mechanical calculations for
the same systems using the same potential energy surface. Some such quantum
calculations are available. In particular, Cline et al. [48] carried out time-
independent quantum mechanical calculations of the rates of predissociation of
HeCl, and NeCl,. For the same molecules, Gray and Wozny [49] also carried
out time-dependent wave packet dynamics calculations of the rates of
predissociation, and Zhang and Zhang [50] reported quantum mechanical
golden-rule-approximation calculations of the rates of predissociation of HeCl,
for v =8 to v = 13. The results of these calculations have also been listed in
Table X and Table XII.

Clearly, quantum mechanical calculations in many cases yield better
agreement with experimental data than do the classical theory calculations.
Indeed, Gray, Rice, and Noid [51], and Davis and Gray [11] discussed the low-
energy limit for the rate of predissociation of Hel, and demonstrated that for
initial energies lower than a certain value classical theories will predict a zero
rate constant while quantum mechanically the rate constant is never zero due to
tunneling. These observations indicate that, in some cases—for example, when
high accuracy of a theoretical prediction is needed or tunneling effects are
important—classical unimolecular reaction rate theory may have to be replaced
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TABLE XIII
Predissociation Lifetime (in ps) for a Three-Dimensional HeICl or
NelCl Molecule

System MRRKM Experiment Gray
HelCl (v=3) 557 550 1000
NelCl (v=5) 116 — 160
NelCl (v=10) 43 50 —

by a quantum theory. However, Table X also shows that for HeCl, the
predictions of the MRRKM theory are rather close to the results of quantum
mechanical calculations, the deviation being, typically, less than 40 ps for all
the initially excited states in the energy range studied. It is also interesting to
note that even quantum mechanical calculations are not in perfect agreement
with the experimental data. This discrepancy could be linked to a number of
sources, amongst which are the accuracy of the potential energy surface, the
difference between reduced-dimension and full-dimension descriptions,
uncertainties in an experimental setup, and so on.

2. HelCl and NelCl

Experimental studies of the fragmentation of HeICl and NeICl by Skene and co-
workers [52—54] are restricted to the region of low-lying initial vibrational states
of ICI, that is, v = 3-10. The classical trajectory calculations of Gray and Wozny
[49], the MRRKM calculations [16] and the experimental results are listed in
Table XIII for comparison. Once again there is reasonable agreement between
MRRKM, direct trajectory calculations, and experimental data.

V. THEORY OF ISOMERIZATION

A. Gray-Rice Theory

Gray and Rice [55] developed a theory of the rate of isomerization that differs in
several important aspects from the conventional RRKM theory. In addition to
applying the ideas introduced by Davis and Gray—that is, identifying the exact
phase-space separatrix for reaction—Gray and Rice proposed a three-state model
for the process of isomerization. This proposal was motivated by the observation
that as long as the molecule remains intact, there must be, in addition to the states
we identify with isomers A and B, a third state, denoted by C, with energy in
excess of the barrier to isomerization, which is neither A or B. The existence of
these three states can be clearly seen in trajectory studies of an isomerizing
molecule.

The original Gray—Rice theory of isomerization was developed from a two-
DOF model in which the potential energy surface displays a double well when
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cut along the reaction coordinate. The model potential energy surface they used
is defined by the sum of a fourth-order polynomial in the y-coordinate (the
reaction coordinate), a Morse potential in the orthogonal coordinate x, and a
coupling potential between the two DOFs. The Hamiltonian has the form

2

H(x,y,pespy) = 2’}’5}( + ;«:y VeV, W) (201)
where
Ve =D(1 — e ™)? (202)
Vi =470 - 1)+ (203)
W(x,y) =47 = 1)(1 — e ™) (204)

Here g, is the barrier height of the potential energy surface; D, o, and z are
potential parameters, and m, = m, is the mass factor.

Clearly, the A and B isomer states should be inside the separatrix, and the
state C should be in the phase-space region outside of the separatrix but inside
the energy boundary. A schematic diagram of this three-state isomerization
model is presented in Fig. 20. From the results of previous analyses of
predissociation we expect that within the A and B domains there are, in general,
intramolecular bottlenecks to energy transfer. However, these bottlenecks are

LIS B B B B e e e

Figure 20. Schematic surface of section in modeling the Gray—Rice theory of isomerization,
showing the separatrix and the phase regions A, B, and C, which are the generalized states of the
system.
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Phys. 86, 2020 (1987).]

Construction of the exact separatrix on the surface of section for a symmetric
double-well model potential. (a) The unstable manifold; (») Superposition of the stable (dashed) and
unstable (solid) manifolds. (¢) The exact separatrix, which is a union of portions of the above
manifolds. (d) Turnstiles superimposed on the separatrix. [From S. K. Gray and S. A. Rice, J. Chem.
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not considered in the original Gray—Rice theory of isomerization because, for
the potential parameters and energies studied, the motion in their model system
is dominantly chaotic.

Gray and Rice extended the Davis—Gray method of locating a predissociation
separatrix to the case of isomerization. That is, they generated the stable and
unstable manifolds associated with the saddle point of isomerization and then
defined the separatrix as a union of the segments of the generated stable and
unstable manifolds. The flux crossing the separatrix can then be calculated by
one iteration of the separatrix on the PSS. This is illustrated in Fig. 21. In
particular, superimposing the iterated separatrix on the original separatrix yields
“lobes,” and trajectories are seen to leave the inside of the separatrix only
through the small areas labeled “4” and enter the separatrix through the areas
labeled “—”’. Each “+4” or “—” pair seen in Fig. 21 is called a turnstile.

The time dependences of the populations of the A, B, and C states are then
given by the three-state scheme

dA
E = —kacA + kcaC (205)
dB
= —kacB + kesC (206)
dc
= ~(kea + kep)C + kacA + kacB (207)

where A, B, and C represent the respective populations, k¢ is the rate constant
associated with phase-space points that cross from A to C, k¢g is the rate constant
associated with phase space points that cross from C to B, and so on. The
normalization condition is A + B 4+ C = 1. Furthermore, for a symmetric double
well potential one has kqc = kpc, kca = kcp. With the initial condition

A(0) =1, B(0) = C(0) =0 (208)

Alt) =Ac+ (L —A)e ™ 4 Leht (209)
B(f) =B.+ (}—B.)e ™ —Le (210)
C(r)=1-A(t) - B(r) (211)

where Ay = kac + 2kca, M = kac, and

kca
A, =B, =——— 212
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Gray and Rice also proposed an approximate analytical treatment for
locating the separatrix for isomerization, the use of which leads to an
overestimate of the rate constants by about a factor of two relative to the values
obtained from direct trajectory studies.

B. Zhao-Rice Approximation

Zhao and Rice extended the above-sketched Gray—Rice theory to include the
effects of intramolecular energy transfer, using analytical approximations for
various quantities [15]. Because this extension is in the same spirit as in the case
of unimolecular predissociation, the Zhao—Rice approximation presented here is
still called the MRRKM theory. Zhao and Rice employed a model double-well
potential similar to that used by Gray and Rice, but parameterized to have greater
flexibility. Specifically, the three terms in the potential of Eq. (201) are taken to
have the following form:

Ve =D(1 —e™)? (213)
Vi=el(y—a)y—b) +e (214)
W(x,y) = ney’y* (v — a)(y = b)(1 — ™) (215)

where a, b, €,m,,my, D, €, 7z, and 1 are parameters. When a = b, the potential
function has a symmetric double well; when a # b, the potential function has an
asymmetric double well.

Zhao and Rice adopted the same three-state model for isomerization as
introduced by Gray and Rice. Assuming that there are no direct transitions from
A to B, the elementary rate constant in the three-state model is given by
kac = Fac/Na, kca = Fca/Nc, where N4y and N¢ are normalization factors, and
Fsc = Fpe (for the symmetric double-well case) is the flux of phase space
points from region A to region C. According to the ARRKM theory one has

Fic = J dxdydp, dpyS(Ssep)SSepe(SSep)5(E —H) (216)

where S, is the phase-space separatrix dividing region A from region C. Zhao
and Rice defined an approximate separatrix by

2

Py
Ssep = ﬁ +Vy 4+ W(x,y) — Ae (217)
y

where X is a fixed value of the x-coordinate, and Ag is given below. Use of Sscp
and integrating over p, and p, yields

(218)

- :J dx dy\/2m0(yt — y) o[W(x,y) = W(x,y)]
T VETV, 1 W(ny) — Ae— Vix,y) oy
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where y* = 0 for the case of a symmetric potential energy surface and if the
dividing surface defined by Ss., = 0 is the exact separatrix. The normalization
constants for regions A and C are calculated from

Ny = 4\/nTmyJ dxdyd(y* — y) arcsin (Pgi“> (219)
N¢ = 4¢mj dxdyd(y* — y)B[E — V(x,y)] {n — 2arcsin (P‘(“;)] (220)

with

G=+E-V(xy) (221)

Pin = min [G, VA=V, - W, y)] (222)

The Zhao—Rice approximation for obtaining Ss., is based on the following
considerations. First, there is a maximum kinetic energy (denoted by g;)
associated with the motion along the reaction coordinate y and within the
separatrix that defines one geometric isomer. They defined the dividing surface to
exclude the trajectories for which the kinetic energy along y exceeds this value
because such trajectories generate direct conversion of A to B, which is omitted
in the Gray—Rice three-state model of isomerization. Second, on the transition
state dividing surface the x-component of the energy is defined to be

p:
2m,

+ Vx = & (223)

Thus, by conservation of energy, one has

P

2my

+V,+ W(Ey) = Ae (224)

where Ag = E — ¢,. Equation (224) is identical to the above definition of Ss.,
since
2

p
Ssep = 7V +Vy+ W(x,y) —Ae =0 (225)
,

2

Thus, assuming Ag = g, Zhao and Rice obtained an approximate separatrix,

denoted Sgep and given by

2
P _
Sg‘ep = —2ny1y +Vy + W(x,y) — & (226)
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To include some bottleneck effects in intramolecular energy flow, Zhao and
Rice defined a second dividing surface drawn around a region of quasi-periodic
motion of isomer A. This dividing surface lies inside the separatrix. To so do,
they considered the case when the initial state of the system has all of the energy
in the x-DOF and only zero-point energy E,(0) in the y-DOF. By analogy with
the construction of S’gep, they proposed the following intramolecular energy
transfer dividing surface

2
D
St = 9+ Vo + W(E ) = E(0) (227)

intra 2
y

Note that, although their analysis is based on classical mechanics, the zero-point
energy in the y-DOF was taken into account to better approximate the
partitioning of the energy between different DOFs. When the motion in the y-
DOF is confined to the vicinity of the isomer geometry minimum, the harmonic
approximation should be valid. Then

Ey(n) = (n+})ho, (228)

with

1 0*H(x,y) 2
o= (o o) e

X=X0,Y=Y0

Inserting this expression into SA  yields
\ P o)
Sintra = m + V\ + W('x)y) - Ehw)’ (230)
y

The corresponding rate constant associated with S4  can be calculated in the
same way as in the case of Sg‘ep.

A simple kinetics model of the three-state mechanism that takes into account
bottlenecks to intramolecular energy transfer can be developed by splitting the
phase space region A into the quasi-periodic motion region A; and the highly
chaotic region A,, with A = A; + A,. Such a kinetics model is presented in
Fig. 22. Let kx, 4, be the rate constant for flow of phase space points from A; into
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Figure 22. Schematic mechanism of reaction including intramolecular energy transfer. The
phase-space of state A is partitioned into A; and A,. S; is a representation of an intramolecular
energy transfer dividing surface, and S, is the A-state separatrix.

Ay, and let k4,4, be the back flow rate from A, to A;. Then, with obvious
notation one obtains

dA

d—tl = —kau,A1 + ko, As (231)
dA,

o kan, A1 — (kaya, + ka,c)Az + kca,C (232)
dB

d_tl = _kBleBl + szBlBZ (233)
daB,

7 = kBleB] - (szBl + szC)BZ + kCBZC (234)
dC

o ka,cAs + kg,cBy — (kcp, + kca,)C (235)

This set of first-order linear differential equations can be formally solved to yield
the populations as functions of time for the various regions in phase space.

Based on the Gray—Rice assumption that dynamical chaos is fully developed
before the isomerization reaction occurs, crossing the intramolecular bottleneck
can be considered to be independent of crossing the intermolecular dividing
surface. Then the rate constant for the transfer of phase space points from region
A to C, as observed by Gray and Rice, can be described by only using Egs. (231)
and (232) with kcs, = 0. Hence

Orkpsa, ot
ka,a, — M

_ O1ka,a,
kA2A1 + kAzC - 7\‘1

Ay(f) = Qe ™" + (236)

Az(l‘) eik'l + Qzei}bzt (237)
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where
M =1 [k + /K2 — dka a,kac

Ay =4 [k — /K2 — 4k a,kanc

ki = kaa, + ka,a, + kayc

Orkpsa,
— A, () — Z2AA
0 1(0) K, — 1o
A1 (0)ka,a ]
— A (0) — 2N
Q2 |: 2( ) kAzA] +kA2C _>\’1

« {1 B ka,a,kaqn, }1
(ka,a, = A2)(kasa, + kaye — A1)

The population inside the A-separatrix A(t) = A;(t) + A,(z) is given by

ka,a ) Y
A =0 (14— )t
( ) Q] < kAzAl + kAzC - 7\41

ka,a _
+ l + 241 )e 2t
Q2< ka,a, — A2

The above result can also rewritten as

M — Ql (1 +L) e*MT

A(0) ka,a, + ka,c — A
—~ ka,a vy
+ 1+ #)e 2!
QZ( kA2A| - 7\'2
with

= ks,

Ql _fl kAzA[ - >\‘2

= Sfika,a, }

Q: [fz ka,a, + kayo — M

o {1 _ ka,akaza, }1
(kaja, — M) (kasa, + kaye — 1)

(238)
(239)
(240)

(241)

(242)

(243)

(244)

(245)

(246)
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and

A0 f _ As(0)
TA(0) 2T A®0)

h (247)

Assuming that the effective rate constant ks is equivalent to that determined
from trajectory studies and also assuming that

A(t) = A(0)e e (248)

for short time, Zhao and Rice evaluated ka¢ by fitting the numerical simulation
data. Specifically, this fitting was carried out by setting

In [Afizg)} =1 (249)

with kac = 1/7ac. In essence, this procedure assumes that relaxation in region A
is fully developed before the transition from A to C occurs, and thus the
contribution from k4,4, is negligible. The initial conditions are chosen so that f|
is approximated by the fraction of quasi-periodic region on the PSS within the
isomer A region. Once the rate constant k4¢ is known, k¢4 can be determined
from

(250)

If the A to C and C to B transitions are independent processes, then a simple
approximation to the effective isomerization lifetime t can be made:

1,1 (251)
T=—=— _—
k  kca  kac

C. Reactive Island Theory

A beautiful classical theory of unimolecular isomerization called the reactive
island theory (RIT) has been developed by DelLeon and Marston [23] and by
DeLeon and co-workers [24,25]. In RIT the classical phase-space structures are
analyzed in great detail. Indeed, the key observation in RIT is that different
cylindrical manifolds in phase space can act as mediators of unimolecular
conformational isomerization. Figure 23 illustrates homoclinic tangling of
motion near an unstable periodic orbit in a system of two DOFs with a fixed point
T, and it applies to a wide class of isomerization reaction with two stable isomer
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Figure 23. Homoclinic tangling of motion near an unstable periodic orbit in a system of two
degrees of freedom at a fixed point t. [From A. M. O. De Almeida et al. , Physica D 46, 265 (1990).]

states (A and B), represented by two wells in the potential energy surface.
Furthermore, the existence of a homoclinic orbit guarantees that on a particular
surface of section the Poincaré map always has the structure shown in Fig. 23.

As is clear from the previously discussed properties of unstable periodic
orbits and NHIM, there are both stable (W, ,W;) and unstable manifolds
(W, Wy ) associated with the unstable fixed point shown in Fig. 23. These
manifolds are called stable and unstable cylinders in RIT. The intersection of the
cylinders with a surface of section generates the so-called reactive islands (RI).
Specifically, RIs can be constructed for a given dynamical system by
propagating ensembles of trajectories along the stable and unstable branches
of a reactive periodic orbit, the propagation being in negative and positive time,
respectively. Figure 24 presents Poincaré maps for an isomerization system on
two different surfaces, showing W+ and W~ RI structures.

For a system with two DOFs, both the cylinder and the surface of section
(denoted ) are of dimension two and embedded within the three-dimensional
energy shell. Their intersection is therefore generically along lines. There are
three major possibilities: (i) The intersection is a line of infinite length; (ii) the
intersection is a reducible closed curve on the cylinder; and (iii) the intersection
is an irreducible closed curve on the cylinder. Figure 25 shows a schematic
drawing of a surface ¥ intersecting a W~ cylinder. In Fig. 25A (one orbit) and
Fig. 25B (several orbits) the surface intersects W~ tangentially forming a
reducible curve. In Fig. 25C the surface intersects W~ transversely, forming an
irreducible curve (which is identified to be an RI in RIT). Figure 26 shows a
schematic surface Y intersecting a W~ cylinder both transversely and
tangentially, demonstrating how a discontinuous Poincaré map can be obtained.
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(b
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Figure 24. Reactive island structure for a two-well potential isomerization model, generated
from the stable and unstable branches of the transition state fixed point. (a) Stable branch structure.
(b) Unstable branch structure. [From A. M. O. De Almeida et al., Physica D 46, 265 (1990).]

The RIs display a number of interesting mathematical and physical
properties. To briefly introduce these properties, we define the RIs generated
from the same branch (either the stable or the unstable branch) to be of the same
family. We also denote by RI;;; the reactive island generated from a further
iteration of the reactive island RI;. That is, the area of RI; will, upon one positive
or negative time iteration, map onto Rl or RI,_; within the same family. It

Figure 25. Schematic drawing of a surface ¥ intersecting a cylinder. (A, one orbit; B, several
orbits) ¥ intersects the cylinder tangentially, forming a reducible curve. (C) ¥ intersects the
cyclinder transversally, forming an irreducible curve—that is, a reactive island. [From A. M. O. De
Almeida, et al. , Physica D 46, 265 (1990).]
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Figure 26. A schematic presentation of a surface ¥ intersecting with a W~ cylinder both
transversally and tangentially, and how a discontinuous Poincaré map is obtained. [From A. M. O.
De Almeida et al., Physica D 46, 265 (1990).]

can be shown that: (i) All reactive islands within a family have the same area.
(i) The area of an RI is equal to the action over one period of motion of the
transition state periodic orbit. Consequently, the area of an RI from a stable
branch family will be equal to the area of an RI from an unstable branch family.
(iii) Reactive islands from the same family cannot intersect one another. (iv)
The intersection of two RIs from different families generates four lobes and an
overlap region. Four homoclinic points will be generated by the peripheries of
the two intersecting RIs. The four lobes pair into two sets of equal area lobes.
Those lobes generated from the stable branch bound reactive dynamics in
positive time, whereas those lobes generated from the unstable branch bound
reactive dynamics in negative time. The overlap region is reactive in both
positive and negative time. These properties of RIs make it clear that the
probabilities associated with isomerization reaction, trapping, and back reaction
are entirely determined by the overlap between stable and unstable branches of
RIs. (v) Reactive to trapped motion will proceed through the RIs generated from
the unstable branch, whereas trapped to reactive motion will proceed through
the RIs generated from the stable branch. The last member of a family of Rls
from the stable branch constitutes the bottleneck to reaction.

Figure 27 illustrates reactive motion through cylindrical manifolds and
construction of the manifolds. It shows that a trajectory initially trapped in
conformer A eventually enters the interior of the cylinder W, . By going through
W, , it reacts, and it goes to conformer B by entering manifold W . The cylinder
W, mediates all pre-reactive motion A — B, and the cylinder W, mediates all
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Figure 27. An example of cylindrincal manifolds in a system with two DOFs. A trajectory is
initially trapped in conformer A and eventually enters the interior of the cylinder W, . By going
through W, , it reacts, and it goes to conformer B by entering the manifold W . [From N. De Leon,
M. A. Mehta, and R. Q. Topper, J. Chem. Phys. 94, 8310 (1991).]

pre-reactive motion B — A. Due to time-reversal symmetry, W, and Wy
mediate all post-reactive motion. Therefore, the four cylinders, particularly their
overlaps in phase space, mediate all the details of the kinetics of isomeriza-
tion—for example, how flux moves back and forth between the two isomer
states.

A detailed discussion of RIT is beyond the scope of this chapter. Here we
confine ourselves to the first-order kinetics obtained from RIT. Since RIT shows
that all forward reactions must occur by passing through the interior of W, , and
all backward reactions must occur by passing through the interior of Wy, the
simplest reaction mechanism predicted by RIT takes into account only direct
recrossing—that is, recrossing motion within one oscillation of the reaction
coordinate. The kinetics associated with this simplest case can be represented
by

Awr Lowr Lop
i . (252)
B—>W§—'>WA+—>A

In addition, RIT introduces a common rate constant o associated with
the transitions W,” — W, and W, — W . Then the population dynamics is
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given by
= i) - a0 -

dvg(t) = YWy (1) — (ot + B)W, (1) (254)

dW#_z(I) = AWy (1) + 8A(1) — YW, (1) (255)

dljiy) = BWy (1) = 35(1) (256)

dvg(t) =YW,y (1) = (2 + B)Wy (1) (257)

dwi(t) = oWy (1) + 0B(t) — YWy (1) (258)

Here A(r), B(t), W, (t), Wy (1), B(t), Wy (), and Wy (1) are the populations of the
respective phase space regions, and the rate constants a., 3, v, and 6 are explicitly
given by RIT by calculating the areas of overlap regions and the density of states.
The overall isomerization rate constant can be obtained by solving the preceding
set of equations. Assuming a set of eigenvalues {A} associated with the kinetic
equations, RIT takes kgir =inf(A) to be the reaction rate constant of
isomerization.
As an application of RIT, consider the following Hamiltonian system

1
H =75, (pr+p2) + D1 = exp(=1a2)]

+4q; (q; — 1) exp(—2hqa) (259)

where the parameters have the values p = 8.0, D = 10.0, z = 2.3, and A = 1.95.
The Hamiltonian is symmetric with respect to the reaction coordinate g;. The
dynamics of this specific system is classically chaotic, the potential energy
barrier is at E = 0, and there exists a family of periodic orbits along ¢ at g; =0
for energies greater than zero. Figures 28 and 29 present reactive island structure
on a surface of section and kinetics data for this symmetric model Hamiltonian
with energies E = 1.0 and 3.0, respectively, compared to the result from a purely
random model (PR) and to that of classical trajectory calculations.

D. Gray-Rice Theory Versus Reactive Island Theory

It is interesting and important to note that the conceptual structure of the lowest-
order application of RIT is similar to the Gray—Rice three-state model of
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Figure 28. Reactive island structure on a surface of section and kinetics data for the symmetric
model Hamiltonian for E = 1.0. (a) The reactive island structure. (b) The population decay of isomer
A from different calcualtions. [From A. M. O. De Almeida et al., Physica D 46, 265 (1990).]

isomerization. Let us first recall that the mechanism of the Gray—Rice three-state
model can be summarized in the form

[A] 2 <[C] S e [B] (260)

where A and B are the stable isomer states, and C is the intermediate state. The
three state kinetics equations are

dA
= —kacA +keaC (261)
dB
E = —kch + kCBC (262)
dc
o= —(kca + kcg)C + kacA + kpcB (263)
8.16 1.00
—— Numerical
Simulation
---RI
o754\ PR
P2 0.00 N’R](n)
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Figure 29. Reactive island structure on a surface of section and kinetics data for the symmetric
model Hamiltonian for £ = 3.0. (a) The reactive island structure. (b) The population decay of isomer
A from different calcualtions. [From A. M. O. De Almeida et al., Physica D 46, 265 (1990).]
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A special solution with the initial conditions A(0) = 1, B(0) = C(0) =0 is

Alt) = Ao+ (A —A)e ™M 4 Lo (264)
B(t) =B, + (1 —B.)e M —Le (265)
C(t) =1—A(t) — B(t) (266)
where
kca
Ay=B = — " 267
7 kac + 2kea (267)

and the two exponents are A; = kac + 2kca, Ao = kac.

Consider first the case where all the three states are taken into account and
A2 <Ap. Then the isomerization rate from the Gray—Rice theory is characterized
by the decay rate constant A, = ksc. This is a general result from the three-state
mechanism. Consider a second case in which the third intermediate state C
vanishes from the mechanism by setting C = 0. Then the reaction mechanism
becomes

[A] = {2 [B] (268)

for which the reaction rate constant must be (kap + kpa) = 2kap for the
symmetric double-well potential. This result can be derived from the Gray—
Rice theory by setting C = 0. In doing so, the equilibrium concentrations of A
and B are A, = 1/2, and B, = 1/2 for any symmetric double-well potential.
Then from Eq. (267) one has

kca
A, =B, =—" =1 269
kac +2kca 2 (269)
which gives
kAC + ZkCA = ZkCA (270)

or

kac =0 (271)
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This is true, since the C state does not exist. Hence, if the system goes to the B
state from C, it must come from A, and vice versa. This implies that

kcg — kap, kca — kpa (272)

and
M = kac + 2kca = 2kps = 2kap (273)
M =kac =0 (274)

Therefore, the reaction rate constant is now A; = 2k,p, which is exactly the
RRKM rate constant.

To consider the relationship between RIT and the Gray-Rice theory, we
reexpress the simplest reaction mechanism of RI T in the form

Wap
o/ N\ B
A af o B (275)
B\ /0
Wga

where Wyp is comprised of W, and W, and Wp, is comprised of W and W,/
Clearly, Eq. (275) indicates that between state A and state B there are the
intermediate states Wyp and Wp,. Identifying the intermediate states Wyp and
Wpa with the state C in the Gray—Rice theory, one sees that (first-order) RIT and
the Gray—Rice theory are based upon the same reaction mechanism. Specifically,
for the case of a symmetric double-well potential, RIT yields the rate constant

[56]
AF(E) (1-Z
krit = ——= | —— 276
RT= "N, (1 + z) (276)
where F(E) is the flux from A to B in the two-state mechanism (i.e., C = 0), Nr is

the population trapped in the whole phase space, and Z is the fraction of
recrossing motion. Assuming that N, is the population of the A state in the Gray—

Rice theory, we have
2F(E) (1-2Z
krir = —— | ——= 277
TN, (1 + z) 277)

Since the flux Fgg(E) in the Gray—Rice theory is defined by the flux crossing the
separatrix from the trapped A state to state C = C4 + Cp, we have

2F(E) ~ Fgr(E) (278)
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and

For(E) (1-Z
krir = — 279
RE="N, \1+z (279)

Equation (279) suggests that in the Z = 0 limit,

For(E)
Ny

kriT = = kgr (280)

This important similarity between the first-order RIT and the Gray—Rice theory
was also analyzed by Deleon and Ling [56] with, however, different conclusions.

The difference between the Gray—Rice theory and RIT in its general form is
evident. In the Gray—Rice theory the chaotic dynamics of isomerization is
assumed to be fully developed. This is why the flux across the reaction separatix
can be calculated knowing only the properties of the separatrix and the density
of phase space points in the chaotic domain. By contrast, RIT shows that there is
substructure to the chaotic dynamics in that trajectories that lead to
isomerization pass through RIs which are distinct regions embedded in the
chaotic domain. Such substructure in phase space exposes the detailed dynamics
of isomerization which is not considered by the Gray—Rice theory. However,
since the area of reactive islands is preserved under the stroboscopic mapping
and the area of the PSS is finite, successive mappings of a reactive island will
eventually cover the surface of section. As such, the area of intersection of two
reactive islands from different branches decreases as the stage of mapping
increases, and the locations of intersections are apparently randomly distributed
on the PSS. This implies that contributions to the rate of isomerization come
from all over the surface of section, a fact that is consistent with the Gray—Rice
analysis.

E. Isomerization in Double-Well Systems

Consider the rate constants for isomerization in symmetric and asymmetric
double-well systems predicted by the several theories discussed above. The two-
well potential for coupled x and y DOFs is given by

V(x,y) =D(1 — e ) +ey’(y —a)(y — b) + &
+ e’y (y—a)(y —b)(1 —e ™) (281)

where a, b, €,m,,my, D, €, 7z, and 1 are parameters. The potential is symmetric
for a=>b and asymmetric for a # b. In all the systems studied below
my =my, = 8.0, D =10.0, g = 1.0, € =4. Different choices of the other
parameters, listed in Table XIV, give rise to different systems. A schematic plot
of both the symmetric and the asymmetric potentials is given in Fig. 30.
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TABLE XIV
The System Parameters for a Number of Model Double-Well Potentials”
System No. z o Energy (E) a b n

1 1.0 1.50 1.25 1.0 1.0 1.0

2.00 1.0 1.0 1.0

3.00 1.0 1.0 1.0

6.00 1.0 1.0 1.0
2 2.3 2.10 1.05 1.0 1.0 -1.0
3 1.9 1.95 1.20 1.0 1.0 -1.0
4 23 1.95 2.00 1.0 1.0 -1.0
5 1.7 2.00 2.00 1.0 1.0 -1.0
6 1.8 2.10 2.50 1.0 1.0 -1.0
7 23 1.95 1.05 1.1 0.9 -1.0
8 23 1.95 1.50 1.1 0.9 -1.0

¢ Note that the potential is symmetric for a = b and asymmetric for a # b.

q A

Figure 30. A schematic presentation of the symmetric and asymmetric double-well potentials.

System No. 1 describes a symmetric double-well potential that was studied
by Gray and Rice. A PSS for this system is displayed in Fig. 31. For this system
the MRRKM results [15] are presented in Table XV, compared to the exact
trajectory calculations by Gray and Rice [55]. It is seen that for all the energies
considered, the predicted rate constants are in good agreement with Gray and
Rice’s results except for E = 3.00, for which the MRRKM theory overestimates
the rate constant by a factor of 1.25. It is plausible that a principal component of
this difference arises from uncertainty in the value of fpp—that is, the fraction of
quasi-periodic motion on the PSS. Indeed, a small change in that value will
bring the calculated and exact values into agreement to the same accuracy as for
the other energies considered. Clearly, the Zhao—Rice approximations to the
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()

Figure 31. Poincaré surfaces of section for a symmetric double-well potential with parameters
given in Table I. (a) E = 1.02, (b) E = 1.25, (¢) E = 2.0, (d) E = 3.0, and (e) E = 6.0. [From S. K.
Gray and S. A. Rice, J. Chem. Phys. 86, 2020 (1987).]
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TABLE XV
Comparison of Elementary Rate Constants Calculated from the MRRKM Theory to Those Obtained
by Gray and Rice’s Exact Trajectory Calculations [55] for System No. 1

E fQP Kintra kSep kAC Gray_RiCe
1.25 0.24 0.055 0.025 0.022 0.026
2.00 0.099 0.085 0.054 0.050 0.048
3.00 0.058 0.107 0.075 0.071 0.057
6.00 0.038 0.125 0.097 0.094 0.100

separatrix and to the rate of intramolecular energy transfer yield a significant
improvement in the predicted isomerization rate constants relative to the
predictions of the earlier theory of Gray and Rice (which gives an error of a
factor around 2.0).

Systems No. 2 to No. 6 defined in Table XIV were studied by De Leon and co-
workers using RIT [23,57]. They reported that these systems are primarily
chaotic. Their theoretical results are compared, in Table X VI, to their trajectory
calculations, the RRKM results, the MRRKM calculations, and the results based
on a reaction path Hamiltonian analysis by Jang and Rice [58]. The entries in
Table XVI show that the MRRKM theory yields rate constants that are in
excellent agreement with direct trajectory calculations for almost all the cases.
By contrast, the RRKM results overestimate the isomerization rate constants by
a factor of around 4.0. The MRRKM theory does give an erroneous prediction
for system No. 2, which has a very low excess energy £ = 1.05. In such cases
one may have to consider more than one intramolecular bottleneck to make
more accurate calculations of the isomerization rate. Note that RIT seems to
give the best result. This is understandable because RIT takes into account more
information concerning the reaction dynamics. Note also that, at least for these
model systems, the reaction path approach of Jang and Rice is successful. This
suggests that although, as shown by Gray and Rice, a large fraction of the
trajectories that contribute to the isomerization process depart considerably
from the minimum energy path through the saddle region, the reaction path

TABLE XVI
Isomerization Rate Constants for Symmetric Double-Well Potential Systems Defined in Table XIV
System No. RRKM MRRKM Trajectory Reaction-Path RIT
2 0.0084 0.0069 0.0023 0.011 0.0023
3 0.031 0.015 0.014 0.018 0.015
4 0.073 0.029 — 0.029 0.027
5 0.096 0.023 0.020 0.020 0.020
6 0.120 0.026 0.031 0.021 0.029
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TABLE XVII
Isomerization Rate Constants for Systems No. 7 and No. 8 Obtained from Trajectory
Calculations, RIT, the Transition State Theory (TST), and the MRRKM Theory

System No. Trajectory RIT TST MRRKM
7 0.04 0.0614 0.089 0.089
8 0.27 0.312 0.626 0.31

formalism does capture some contributions from these trajectories via the self-
consistent inclusion of the averaged motion perpendicular to the reaction
coordinate.

Comparison between the MRRKM theory and RIT [59] in the case of
asymmetric double-well potentials—that is, systems No. 7 and No. 8—is made
in Table XVIIL. There the transition state theory (TST) results reported by De
Leon et al. [59] are also given. The MRRKM results were obtained by ignoring
the effects of intramolecular energy transfer, and they are seen to be in good
agreement with those from RIT and from direct numerical simulations. It is also
seen that both the MRRKM theory and RIT considerably overestimate the rate
constant for system No. 7. Again this is possibly due to the presence of
intramolecular energy transfer bottlenecks.

F. Isomerization in a Triple-Well System

Jang, Zhao, and Rice [60] also examined the rate of isomerization in a model
system that supports three stable isomers, denoted by B, A and B’, and a bound
state denoted by C, which is distinct from all the isomeric states. A schematic
plot of the triple-well potential and a phase-space contour plot is presented in
Fig. 32.

For simplicity we assume that the following: (i) Isomers B and B’ have the
same energy, as displayed in Fig. 32. (ii) Isomer A has an energy that is higher
than that of B and B’. (iii) The bound state C corresponds to all system
conformations with energies in excess of the barrier energies separating B, A
and B'. (iv) The potential wells corresponding to the several isomers are linearly
distributed along the reaction coordinate in the sequence B’, A, B. While both
the direct conversion

B—C—B (282)
and the indirect conversion

B—C—A—C—FH (283)
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Figure 32. A three-well potential modeling unimolecular isomerization between three isomers,
denoted by B, A, and B'.

are allowed in the considerations, we neglect conversions of the type B — A and
A — B. The main interest is with the extent to which the presence of the
intermediate isomeric state A modifies the flux from B to B’, hence also the rate
of that isomerization.

The model triple-well potential surface is defined by the sum of a sixth-order
polynomial in the displacement of y-coordinate, a Morse potential in the
orthogonal x-coordinate, and a potential describing the coupling between x and y:

V(x,y) =V +V, + W(x,y) (284)

where
Ve=D(1 —e ) (285)
V, = €y’ (y2 — az) (y2 — bz) (286)

W(x,y) =ney*(y> — a*) (> = b*)(1 — &™) (287)
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TABLE XVIII
Elementary Rate Constants and Lifetimes from the MRRKM Theory for a Model
Triple-Well Potential

E kac ksc kea kcp k T

0.58 0.066 0.028 0.034 0.024 0.016 62
0.70 0.20 0.086 0.063 0.049 0.047 21
0.75 0.24 0.11 0.067 0.054 0.055 18
0.80 0.27 0.12 0.071 0.057 0.063 16
0.85 0.31 0.14 0.074 0.059 0.071 14
0.90 0.34 0.15 0.075 0.061 0.076 13
0.95 0.36 0.16 0.077 0.063 0.082 12
1.00 0.39 0.17 0.079 0.064 0.087 11

and the parameters m,,my, D, €,a,z, M, a, b take the following values:

m, =80, m,=80, D=500
€e=10.00, o=195 mn=-1.00
7=5.00, a=090, b=1.00

The saddle point between isomer B and isomer A is represented by y% = qi g and
the saddle point between isomer B’ and isomer A is represented by yi = qf\ g As
in the case of double-well potentials, the MRRKM theory defines isomerization
separatrix surfaces for the three isomer states B,A and B’ by

p2 S37 y 2 y%
Ssep = ﬁ +Vy+W(X,y) — & = Sa, y{ <y< y% (288)
’ Sp, y < yﬁ

where x is a fixed point in x. Using this definition for the separatrix, the MRRKM
calculations can be carried out. We also define, solely for convenience of
discussion, the ‘“‘isomerization rate constants” k = 1/t, where t is the
“relaxation lifetime.” The MRRKM results for this system, as a function of
energy, are displayed in Table XVIIL.

A few of these cases were studied within the framework of RIT by DeLeon
et al. [59] for energy E = 0.58, 0.75, and 1.00. The ‘‘isomerization rate
constants” calculated from the MRRKM theory are in very good agreement
with those obtained from trajectory calculations and with those calculated from
RIT. This comparison is given in Table XIX. Interestingly, both the MRRKM
theory and RIT more or less overestimate the rate of isomerization when
compared to the trajectory calculations.
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TABLE XIX
The Isomerization Rate Constants in a Model Three-Well
Potential, Obtained from MRRKM, Trajectory Calculations,

and RIT
E Trajectory RIT MRRKM
0.58 0.015 0.019 0.016
0.75 0.047 0.049 0.055
1.00 0.085 0.091 0.087

G. Isomerization of 3-Phospholene

Isomerization of 3-phospholene is of considerable interest for two reasons. First,
the potential energy surface for the isomerization reaction coordinates is well
known due to the spectroscopic studies of Harthcock and Laane [61,62]. Second,
its Hamiltonian has important off-diagonal kinetic energy coupling terms, which
provide a different test of the accuracy of the approximations used in the
MRRKM theory than posed by previous applications.

Let x be the ring-puckering coordinate and y the PH inversion coordinate in
3-phospholene (see Fig. 33). The dynamics of isomerization in this molecule is
assumed to be adequately described by these coupled two DOF’s without need
for consideration of other DOFs. Under this assumption, the Harthcock-Laane
potential energy surface consists of a fourth-order polynomial in x, a fourth-
order polynomial in y, and a sixth-order polynomial coupling x and y. With
molecular rotation neglected, the model Hamiltonian for 3-phospholene is
given by

H=1PT - G-P+V(xy) (289)
where
Ve = aix* + by (290)
Vy = axy* + bay? (291)
5
Wix,y) = Zl Zcmm" (292)
V(x,y) = Vi + V, + W(x,y) (293)

Here PT is the transpose of the momentum vector P. As indicated above, the
kinetic energy is not diagonal in either x or y. The 2 x 2 kinetic energy matrix,
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Figure 33. The conformation interconversion of 3-phospholene, associated with the ring
pucking coordinate x and the PH inversion coordinate y. [From M. S. Zhao and S. A. Rice, J. Chem.

Phys. 98, 2837 (1993).]

denoted by G(x,y), is a slowly varying function of x and y with its matrix

elements given by

gu(x,y) =

(294)

(295)

(296)

(297)
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Figure 34. Contour plot of the potential energy surface for the isomerization of 3-phospholene.
x is the ring pucking coordinate and y is the PH inversion coordinate. [From C. C. Marston and N. De
Leon, J. Chem. Phys. 91, 3392 (1989).]

The contours of the potential function are shown in Fig. 34. Numerical values
of the parameters a;, b;, ¢;; are given by (in a.u.)

a; =122 x 1071, ar = 1.136 x 10~

by =3.317 x 1072, by = —3.139 x 1073
and
¢ = —7.043 x 1073, c13 =5.288 x 1074, c1s = —1.541 x 107
¢ = —4.859 x 1073, cos = 1.681 x 1074, c31 = 1.904 x 1072

33 = 3.502 x 1074, e =—5213x 1074, ¢5,=—1.291 x 1073
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All other ¢;; are zero. The nonzero d(i, ) coefficients are given by the following
(also in a.u.):

(l.]) d\(lvj) d\(l]) dx‘(lvf)

0,0 5.74556 x 1076 —1.44334 x 1077 6.30483 x 10~*
0,2) —2.75898 x 10~ 2.72180 x 1077 —3.97533 x 107¢
0.4) 1.10125 x 10710 7.62182 x 1078 9.79076 x 1078
0,6) —1.20461 x 10712 2.40922 x 10712 —1.03596 x 10~°
(L,1) 1.02878 x 1078 —1.47638 x 10°° 3.37376 x 106
(1,3) —4.85666 x 1010 2.33670 x 108 —4.39208 x 1078
2,0) —3.83084 x 107¢ 3.97712 x 106 1.20922 x 1073

The 3-phospholene potential energy surface has an energy barrier between
isomers with height g, = 5083 cm~!. Results from direct trajectory calculations
by De Leon and Marston [23,63] are available for one energy, namely,
5133 cm™!. The PSS for this energy is shown in Fig. 35. It is seen that although
overall the system displays characteristics of chaotic motion, a considerable
portion of the PSS supports quasi-periodic motion.

0.0 12.0 24.0

P DELTA

-12.0

-2.0 -1.2 -0.4 0.4 1.2 2.0

Figure 35. Poincaré surface of section of 3-phospholene at E = 5133 cm™!, showing chaotic
motion and embedded regions of quasi-periodic motion. [From C. C. Marston and N. De Leon,
J. Chem. Phys. 91, 3392 (1989).]
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This same energy was assumed in an application of the MRRKM theory [64].
In doing so, one can adopt the separatrix

Ssep = 3822(%, )P} + g2(X, ¥)papy + Vy + W(E,y) — Ae
S&pr ¥ <Y

= . (298)
SSep7 y 2 yT

where X is a fixed point. To account for the periodic motion, the initial conditions
for the isomerization kinetics are determined by setting A;(0) equal to the
fraction of the PSS for isomer A that supports quasi-periodic motion [see Eqgs.
(231) and (232)]. To account for intramolecular bottleneck effects, Zhao and
Rice defined an intramolecular dividing surface that has the same form as the
intermolecular separatrix, but with negative energy appropriate to its location—
that is, with Ag replaced by the local zero point energy of the PH inversion
motion, denoted by E,(0). Assuming that the small amplitude PH inversion
motion is harmonic, one has

E,(0) = %hmy (299)
with the local frequency
O’H(x,y /2
oy = |gn(x,y) % (300)
y X=X0,y=)Y0

where xop = —0.209277 a.u., yo = —3.71661 a.u. are the coordinates of the local
minimum of the potential energy surface. Equation (300) also indicates that o,
depends on g, (x, y), which is a function of x and y. However, because g2, (x, y) is
a slowly varying function, it is approximated by a constant—that is, gy =
1.1493 a.m.u.”!, where a.m.u. is the atomic mass unit. Then E,(0) = 307 cm™".

Table XX displays a comparison of the rates of isomerization of 3-phospholene
with excess energy 50 cm™' over the reaction barrier as calculated from the

TABLE XX
Isomerization Rate Constants of 3-Phospholene at E = 5133 cm™! ¢
Model No. Trajectory RI MRRKM RRKM
1 0.0083 0.0124 0.0078 0.0304
2 0.0083 0.0088 0.0064 —

¢ In model No. 1 only the intermolecular dividing surface is considered.
Model No. 2 includes bottleneck effects in intramolecular energy transfer.
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MRRKM theory, from RIT, from direct trajectory simulations, and, for
reference purposes, from the RRKM theory. In particular, a test of the effect
of the RRKM choice of transition state on the predicted rate of isomerization is
made by neglecting the contribution of intramolecular energy transfer (Model
No. 1). It is seen that the RRKM choice of transition state leads to considerable
error; the isomerization rate constant predicted is greater than those from the
MRRKM theory and RIT by as much as a factor of 4. With intramolecular
bottlenecks taken into account, both RIT and the MRRKM theory agree well
with trajectory calculations.

H. Isomerization of HCN — CNH

The potential energy surface for the isomerization reaction HCN — CNH used
below was proposed by Murrell, Carter, and Halonen [65]. A contour plot of this
potential energy surface is presented in Fig. 36. The two local minima
correspond clearly to HCN and CNH. Although there are quantitative differences
between this potential energy surface and others, all of the surfaces are
sufficiently similar that the qualitative character of the classical dynamics that
each surface supports is the same.
The classical Hamiltonian of the HCN system is given by

P2 2 12 2

. p J

y (angstroms)
o

x (angstroms}

Figure 36. Contour plot of the potential surface for HCN isomerization with J = 0. [From H.
Tang, S. M. Jang, M. S. Zhao, and S. A. Rice, J. Chem. Phys. 101, 8737 (1994).]
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where the effective masses are

_ my(me + my) 1y — My

- . om= e (302)
my + me + my me + my

r is the bond length vector for the diatom CN, R is the position vector from the
center of mass of CN to H, and p and P are the corresponding canonical
conjugate momenta. The angle between the vectors r and R is y.1 is the orbital
angular momentum of H relative to CN, with its magnitude denoted by /, and j is
the rotational angular momentum of the diatom, with its magnitude denoted by .
The total angular momentum is restricted to zero so that / = j. Thus molecular
motion is confined to a plane fixed in configuration space, giving rising to a three-
DOF model. Although unnecessary when applying the MRRKM theory [19], a
two-DOF model of isomerization can be constructed by freezing the CN bond at
r =rp, the equilibrium position. Specifically, the two-dimensional model
Hamiltonian is given by

2 .
g P

o 2n 2p 2mr}

+Vix,y) (303)

with the model potential energy surface V(x,y) already shown in Fig. 36.
Figure 37 is a PSS associated with the HCN isomerization; it supports both
chaotic motion and quasi-periodic motion.

|
N N N
o o o o

Conjugate Momentum (a.u.)
A
[

Reaction Angle (rad.)

Figure 37. Poincaré surface of section for HCN isomerization, showing both chaotic motion
and quasi-periodic motion.
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The MRRKM theory defines the separatrix with respect to the reaction
coordinate y by the relation
2

] —
S VA - 4
EI(R, ”0) + V( , 10, Y) €p (30 )

SSep =

where

N B
I(R,r) 2uR%?  2mr?

(305)

The vibrational-state-dependent intramolecular dividing surface can be defined
by

j2

m + V(R7 o, ’Y) — & (n) (306)

N intra —

Furthermore, with the harmonic approximation one has
gy(n) = (n+3)ho, (307)

where

1 O°V(R,r,7) 12

I(ero) ayz

(308)

The derivative is evaluated at the well minimum, where y = 0 for HCN and
v = © for CNH. The frozen CN bond length was chosen to be the average of the
CN bond lengths in HCN (1.153 ) and in CNH (1.165).

The HCN well depth is —13.589 eV, the CNH minimum lies 0.484 eV above
the HCN minimum, the isomerization barrier height energy is at —12.08 eV,
and the saddle point angle is at y = 67°. For the two-DOF model, the values of
R for defining the separatrices [see Eq. (304)] were chosen to correspond to
the atomic configurations of the isomer equilibrium states, namely 1.690 for
HCN and 1.528 for CNH. For the three-DOF case the values of R and ry in
Eq. (306) are R = 1.687 and rp = 1.153 for HCN and R = 1.532 and rp = 1.165
for CNH.

The rate constants calculated for the reactions HCN — CNH (A — B) and
CNH — HCN (B — A) from the MRRKM theory [19] are listed in Tables XXI
and XXII, for the two-DOF and three-DOF models, respectively. Interestingly,
the results in Table XXI are almost the same as those in Table XXII. This
supports the validity of the frozen bond approximation. That is, in applying
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TABLE XXI
Rate Constants (1073 a.u.) of HCN = CNH Isomerization Obtained from the
MRRKM Theory Using a two-DOF Model

E(eV) kac kca kpc ks
—11 0.429 0.146 0.545 0.133
-10 0.647 0.157 0.768 0.143
-9 1.046 0.202 1.054 0.182
—8.5 1.018 0.188 0.911 0.170
TABLE XXII

Rate Constants (1073 a.u.) of HCN = CNH Isomerization, Obtained from the
MRRKM Theory Using a Three-DOF Model

E(eV) kac kea kpc kep

—11 0.197 0.139 0.310 0.147
—10 0.415 0.186 0.599 0.190
-9 0.735 0.250 1.016 0.258
— 85 0.826 0.251 1.064 0.250

statistical theories it is possible to first reduce the dimension of a reacting
system.

Table XXIII displays the rate constants obtained from the MRRKM theory
and the reaction path analysis. It is seen that the former are about a factor of two
smaller, and the latter about a factor of two larger, than those derived from
direct trajectory calculations. We infer that, since both the RRKM and the
MRRKM calculated rate constants are smaller than that calculated from
trajectory calculations, there is a nonstatistical contribution to the isomerization
rate that is not captured by the MRRKM theory.

The comparison between the MRRKM and reaction-path rate constants and
the rate constants obtained from trajectory calculations is subject to the

TABLE XXIII
Rate Constant (1073 a.u.) of HCN — CNH Isomerization from
Various Theories

E(eV) Trajectory MRRKM Reaction Path
—11.5 0.146 — 0.207
—11.0 0.179 0.095 0.395
—10.5 0.216 — 0.461

—10.0 0.261 0.142 0.513
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Figure 38. The structure of the cyclobutanone C4HgO molecule.

uncertainty associated with the dynamical differences between a three-state
model (MRRKM and reaction path analyses) and a two-state model, the latter of
which was used to extract a rate constant from the trajectory studies.
Nevertheless, accepting the trajectory study rate constants as guideline values,
the agreement with the rate constants derived from the reaction path analysis is
quite good. We attribute the deviations to a breakdown of the harmonic
approximation used to define the reaction path Hamiltonian. It remains to
further apply the reaction path approach to other systems with more than two
DOFs, particularly in the energy range where the harmonic approximation is
valid.

I. Isomerization of Cyclobutanone (C4HO)

The Hamiltonian for the model study of isomerization of cyclobutanone was
derived by Zhang, Chiang, and Laane [66], by fitting the experimental data
obtained from fluorescence excitation spectra. The structure of the cyclobutan-
one (C4HgO) molecule is shown in Fig. 38.

This molecule has a large number of DOFs, so that a reduction of the system
dimensionality is required. The model used here assumes that by ignoring the
minor corrections from other DOFs, the dynamics of the isomerization process
is dominated by the coupling between C=0 ‘“‘wagging”’ and ‘‘ring-puckering.”
Let s be the coordinate representing the out-of-plane carbonyl C=0 wagging,
and let x be the coordinate representing the ring-puckering motion. The system
Hamiltonian for the model cyclobutanone has the form

H(x) = 515002 + 382000 + V(x,9) (309)

where the kinetic energy coefficients can be expanded as

gi(s) = g\ + g + glWst 4 4196 (310)
0 2 4 6
g2(x) = g3 + g% + gtVxt 4 gl (311)
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and p; and p, are the conjugate momenta to the s and x coordinates. The potential
energy surface is given by

V(x,s) = Vi(s) + Va(x) + U(x, s) (312)

with Vi (s) = a;s* + bys?, Va(x) = ax* + box?, and U(x, s) = csx>. The values
of the parameters are chosen to be

¢” =135.00 x 10°u™", g =—17.69 x 10°u12
gV =2.562 x 10°u™!*, g\¥ = -0237 x 10°u!"®
eV =524 %x10%u", g =—4.16x 10°u12

¢ =-2776 x 10004, ¥ =34.69 x 10°u!"0

and
a; =334 x 10°cm™' 4, a=13x107cm 14
by = —526 x 10°cm™'2, by = —2.65 x 10*cm™'2
c=—-5.0x 10°cm™

where u is the atomic mass unit. The potential function V; (s) along the reaction
coordinate is plotted in Fig. 39. The barrier height energy is 0.00094 a.u.
Figure 40 shows the contours of the potential energy surface.

0.015 T T T T T

0.01 -

0.005

V(s)

—-0.005

—-0.01

Figure 39. The potential energy of isomerization of cyclobutanone C4HgO along the reaction
coordinate. [From H. Tang, S. M. Jang, M. S. Zhao, and S. A. Rice, Chem. Phys. Lett. 285, 143
(1998).]
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Figure 40. The potential energy contours of cyclobutanone C4HeO. [From J. Zhang,
W. Chiang, and J. Laane, J. Chem. Phys. 100, 3455 (1994).]

The phase space structures on a PSS are also shown in Fig. 41 for different
energies. Clearly, a considerable portion of the PSS is occupied by quasi-
periodic motion. The two elliptic fixed points are separated by the point
(s = 0,p, = 0). Trajectories started on any of the closed curves evolve forever
on KAM tori. The four cases are for (a) E = 0.0025, (b) E = 0.005, (c¢)
E =0.0075, and (d) E =0.01, all in unit of a.u. Case (c¢) shows a 4:1
resonance, whereas case (d ) shows a 3 : 1 resonance. As stressed before, in the
neighborhoods of the resonance islands there are cantori, remnants of broken
KAM tori.

Gray and Rice used a zeroth-order analytic approximation to the separatrix
with respect to the reaction coordinate. For the model cyclobutanone it is
defined by

Ssep(Ps, 8, %) = %gl (s)pf, + V(s) 4+ Ulx,s) (313)

where x is a fixed value of x and is normally chosen to be at the saddle point of the
potential energy surface. In an effort to further improve the Gray—Rice approach,
the MRRKM theory also considers additionally the nth intramolecular bottle-
neck

Sintra (D5 8, %) = %gl (s)p? + V(s) + U(x,s) — Es(n) (314)
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Figure 41. Poincaré surfaces of section associated with the isomerization of cyclobutanone for
energies (a) E = 0.0025 a.u., (b) E = 0.0050 a.u., (¢) E =0.0075 a.u., and (d) E = 0.01 a.u.

As in other applications, the motion in s is assumed to be confined to the vicinity
of the isomer equilibrium value so that a harmonic approximation can be used.
This assumption yields

E,(n) = (n+1)ho, (315)
with
*V(x,s 172
o; = [gl(f GEZ )] (316)
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TABLE XXIV
The Classical Isomerization Rate Constants of Cyclobutanone from the
RRKM Theory, Gray—Rice theory, MRRKM Theory, and Trajectory
Calculations (in 10~* a.u.)

E RRKM Gray—Rice MRRKM Trajectory
25 0.71 0.067 0.031 0.078
50 0.95 0.073 0.035 0.081
75 1.14 0.076 0.037 0.111

100 1.31 0.079 0.039 0.156

where the derivative is evaluated at the potential well minimum. For the model of
cyclobutanone considered, the potential minimum appears at so = 1.68 a.u. and
xo = 0. The isomerization rate constants from the RRKM theory [67], Gray—Rice
theory, MRRKM theory, and trajectory calculations are presented in Table XXIV.
The entries in this table show that for this model system the RRKM theory gives
about an order of magnitude overestimate of the reaction rate constants. Both the
Gray-Rice and MRRKM theories predict rate constants with about the correct
magnitude but with an energy dependence that is too weak. Overall, the
MRRKM rate constants agree within a factor of three with those derived from the
trajectory calculations. This discrepancy is also subject to the uncertainty
associated with the difference between the rate constants extracted from the
three-state MRRKM model and the two-state model used to analyze the
trajectory studies.

VI. QUANTUM AND SEMICLASSICAL APPROACHES

A. The Wigner Function and Weyl’s Rule

The phase space structure of classical molecular dynamics is extensively used in
developing classical reaction rate theory. If the quantum reaction dynamics can
also be viewed from a phase-space perspective, then a quantum reaction rate
theory can use a significant amount of the classical language and the quantum-
classical correspondence in reaction rate theory can be closely examined. This is
indeed possible by use of, for example, the Wigner function approach. For
simplicity let us consider a Hamiltonian system with only one DOF. General-
ization to many—dimensional systems is straightforward. The Wigner function
associated with a density operator |{){{| is defined by

W(g,p) =ﬁjdX<q+§l\b><\blq—g> eXP(—b}Cf) (317)
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The Wigner function thus defined has the following property [68]:
Trace[|V) (V| exp(iag + ibp)] = qu J dpW (p, q) exp(iaq + ibp) ~ (318)

where [g, p] = —ifi. As seen from Eq. (318), the value of the quantum observable
exp(iag + ibp) can be obtained by evaluating the average value of the phase-
space function exp(iag + ibp) with the “weight function” W(q,p), without
dealing with the noncommuting operators g and p. Clearly then, the Wigner
function W(q,p) is a quantum analog of the classical phase-space density
function.

Within the Wigner function framework the operator exp(iag + ibp) is
associated with the phase-space function exp(iag + ibp). This particular
association between a phase-space function and a function of noncommuting
operators is an example of “Weyl’s rule” [69]. Indeed, by generalizing Eq.
(1.317) one obtains the Weyl transform Aw(g,p) of an arbitrary operator

A(g,p).

X o X ixp
Aw(q,p) =de q+5|A4,p)|qa— 5 )exp| —— (319)
2 2 h
with the desired property

Trace|[\) (V1A (3.5)] = jdq j dpW (p, q)Aw (D) (320)

Furthermore, inverting Eq. (319) yields Weyl’s rule for quantizing a classical
phase-space function f(g, p), that is,

@) = g | da [ o [ da | b 7(a.p) exptiag + bp) exp(~iaq — ivp)
(322)
The matrix elements of fW (g,p) in the g-representation are given by

(ia.p)ld) = 5 [drexo "D (T2 )

For example, if f(q,p)

= g(q) (independent of p), then fw(q,ﬁ) = g(g); if
f(q,p) = qp, then fw(q,p)

= (gp + pgq)/2. Weyl’s rule introduced above



106 MEISHAN ZHAO ET AL.

provides a specific and convenient method of quantizing classical phase-space
functions.

The Wigner function has the valuable property that the time evolution
equation for the quantum dynamics in the Wigner representation resembles that
for the classical Liouville dynamics. Specifically, the Schrédinger equation can
be transformed to [70]

oW,(q,p) Zm{h(a 0 0 0
2

_“ L 4s_ Y Y Hy (q1.p1)Wi(q2.p2)
aCII apz @612 @PI)} q1=q2=4, p\=p2=p ' ) l(

(324)

ot hs

where Hy is the Weyl transform of the Hamiltonian and W; is the Wigner
function associated with the time-evolving quantum state. If H = p*/2 + V(g),
one has Hy = p*>/2 + V(q) and Eq. (324) reduces to

o do¢ op og

+00 7 21 1 a(21+l)v(q) 6(21+1)Wt(q,p)
+ ; <2_1> ( (325)

OWi(g.p) _ (@V(q) OWi(q.p) pGWz(q,p)>

20+ 1) gD opH+1)

Note that the right-hand side of Eq. (325) consists of the classical Poisson bracket
between Hy (q,p) and W;(q, p), plus a series of additional terms that depend on
hi. This makes it clear that the time-evolving Wigner function is the quantum
analog of the time-evolving classical Liouville density function.

B. Quantum Scars in Phase-Space

Considerable effort has been devoted to examining the properties of the Wigner
function. Of particular relevance to unimolecular reaction rate theory is the
behavior of the Wigner function in classically chaotic systems. For example, the
“semiclassical eigenfunction hypothesis” [71] asserts that if the underlying
classical dynamics is completely chaotic, then the Wigner function associated
with a quantum eigenstate can be approximated by a delta function concentrated
on the energy surface. That is, in this case the Wigner function collapses to
W(q,p) ~ O[E — H(q, p)], which is analogous to the classical microcanonical
density in phase-space. However, this enlightening qualitative picture has been
found to be oversimplified, because individual periodic trajectories, which are
invariant sets of measure zero, can also strongly influence the behavior of the
Wigner function in chaotic systems. In particular, the Wigner function can
display highly nonstatistical behavior by building up additional strength, called
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“quantum scars” [72-74]. Thus, in the neighborhood of classical periodic
trajectories the Wigner function should be described by

W(q,p) ~ S[E — H(q, p)] + Wsear(q, P) (326)

Note that the periodic trajectories embedded in a chaotic domain must have
neutral stability or be unstable.
Using semiclassical techniques Berry obtained the following representation

for Wicar(q, p) [73]:
Wicar q P Zcharj X, E, 8 (327)

where each index j labels the contributing classical periodic trajectories and
WscaLj(X, E, S) is given by

2" eT
Weear,j (X, E, &) = WCXP T

oo st - xX=Dc] 1)

2 [ 2H(x) - E
X(hﬂixxo‘“m{(h2|ixx|)‘“} 52

Here S(E) is the classical action at the energy E, x = (q,p), X = (Q,P)
represent the coordinates transverse to the trajectory on a PSS, M is the mapping
matrix on the same PSS, Iis a unit matrix, » is the dimensionality of the system, J
is the 2(n — 1) by 2(n — 1) unit matrix, € is a spectral parameter that will
eventually be set to zero, T is the period of the periodic trajectory, Ai(x) is the
Airy function, and the phase factor y; is a multiple of n /4 determined by the
focusing behavior of classical trajectories close to the jth periodic orbit. Note that
on the closed periodic trajectory we have X = 0. In the semiclassical limit i.e.,
(7 — 0), these scar terms reduce to

2 eT
Weear (X, E €) = mexp <— f)
X CO8 <S(hE) + Y_,-) d[E — H(x)]8(X) (329)

The properties of the unstable periodic trajectories can be described in terms of
Lyapunov exponents. That is,

1 o~ exp<—% > N) (330)

|det(M + I >0
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where the A; are Lyapunov exponents. With Eq. (330) one may further simplify
Eq. (329) and obtain

Wecarj(X, E, €) = 20" exp [— (% +% > 7\1‘) T}

Ai>0
X cos<¥+“{j>5[EH(x)]6(X) (331)

Three observations can be made from Eq. (331). First, the least unstable
trajectories—that is, the trajectories with the smallest positive Lyapunov
exponents—contribute most to Wy, j(X, E, €). Second, if

S
cos (h+ Yj) =1 (332)

then Wy, j(X,E,€) is maximal, giving rise to the most significant scar
contributions. Third, if

S
cos (ﬁ + Yj) =0 (333)

then Wy (X, E, €) = 0. In the third case there is no influence from the unstable
periodic trajectory and the associated Wigner function should display more
ergodic behavior.

The fact that classical unstable periodic trajectories can manifest themselves
in the Wigner function implies that nonstatistical behavior in the quantum
dynamics can be intimately related to the phase-space structure of the classical
molecular dynamics. Consider, for example, the bottlenecks to intramolecular
energy flow. Since the intramolecular bottlenecks are caused by remnants of the
most robust tori, they are presumably related to the least unstable periodic
trajectories. Hence quantum scars, being most significant in the case of the least
unstable periodic trajectories, are expected to be more or less connected with
intramolecular bottlenecks. Indeed, this observation motivated a recent proposal
[75] to semiclassically locate quantum intramolecular bottlenecks. Specifically,
the most robust intramolecular bottlenecks are associated with the least unstable
periodic trajectories for which Eq. (332) holds, that is,

S=—yhi+2mnh, m=12,... (334)

C. Quantizing the ARRKM Theory

The fundamental difference between the ARRKM theory and the traditional
RRKM theory is that the former utilizes a phase-space separatrix rather than a
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dividing surface in the configuration space. This suggests that in quantizing the
ARRKM theory the phase-space formulation of quantum molecular dynamics
will be an indispensable tool. By use of Weyl’s rule, we present below a simple
approach to the quantization of the ARRKM theory.

Let us first recall the following reaction rate expression from the ARRKM
theory:

1 L
k(E) = ﬁjdq Jdpé‘)(S)SO(S)S(E —H) (335)

where the normalization constant Nj is given by
— | da [ apo(-sta.p3(E - ) (336)

H(q, p) is the Hamiltonian, S(q, p) = O defines the phase space separatrix, and
the time derivative of the phase-space dividing surface S is given by

oS dq1 oS dq2 a_S@ oS dp2
qu dl 6q2 dl Opy dt apz dl

Note that, for an n-dimensional system, the 2n-dimensional ‘“‘velocity vector” v
defined above is also a function of (q, p) since

<d€] 1 dgo dpl dp> >

dt ' dt’ 7 dt T dt’
OH OH OH OH
=(—=—,. .., ——,——,... 338
(aPI op> afh an ) ( )
With Eq. (337) the ARRKM rate constant can be written as
1
KE) =y, | da [ apr(apo(vs - v3(E - ) (339)
where
F(q,p) = 8(S5)(VS-v) (340)

The quantization of the ARRKM theory can be carried out with the following
two steps:

(a) Classical phase-space functions such as F(q,p), 0(VS-v),0(-S), and
H(q,p) are transformed to operators Fy, Oy (VS - v),0y(—S), and Hy using
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Weyl’s rule [Eq. (322)], with their matrix elements in the q-representation given

by
i) = G [apexe [P (F95)
(0w (55 9la) = s [ dpexp| B4 =]
A
RERPSN S ) [
o) = g [anesn [P (1 20) o

(b) The classical phase-space average [dq [ dp is tranformed to a quantum
mechanical trace operation, that is,

quJdp{-~-} — Trace{- -} (345)

The resultant quantized ARRKM theory gives

K(E) = NiTrace [Fw(@,)0w(VS - V)S(E — Hy)] (346)

s

with the normalization constant N; given by

N, = Trace [éw(—s)S(E - ﬁw)} (347)

It is also interesting to consider the thermally averaged rate constant k(T'),
which can be obtained from

K(T) = —Jm ex p<_E ) o(EVK(E) dE (348)

0 kgT

where ®,, the reactant partition function per unit volume, is given by

o, = J:oo exp (I;j") p(E)dE (349)
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and p(E) is the density of states per unit energy per volume. Substituting
Egs. (346) and (347) into Eq. (348) one has

Jo ™ dE exp (,:B—’;) Trace {FwéW(VS “V)3(E — I?W)}
Jo7 dE exp (,;—’;) Trace [éw(—S)S(E - I:IW)]

Trace {exp(—BﬁW)FWéW(VS . v)}

K(T) =

— (350)
Trace [exp(—BHW)GW(—S)]
where f = 1/kgT. Equation (350) can be rewritten as
k(T) = %Traoe {exp(—BI:IW)FWéW(VS . V)} (351)
where
®, = Trace [exp(—BI:IW)éW(—S)} (352)

Just like other attempts to quantize the classical transition state theory
[70,77], quantizing the ARRKM theory is not free of all ambiguity. This is
largely because the result of quantizing the product of two classical phase-space
functions may differ from the product of the two operators quantized from the
same classical phase-space functions. For example, we propose to first obtain
3(S)(VS - v) and (VS - v) as two functions of q and p and then quantize these
individual phase-space functions using Weyl’s rule. However, using other
procedures, such as quantizing the product of 8(S)(VS - v) and 6(VS - v) using
Weyl’s rule, may give slightly different results. Nevertheless, the quantization
procedure described above is the first attempt to directly quantize the ARRKM
theory that is formulated in terms of a phase-space dividing surface.

D. Rigorous Quantum Rate Theory Versus the Quantized
ARRKM Theory

The quantum flux—flux autocorrelation formalism, developed by Miller,
Schwartz, and Tromp [78] and by Yamamoto [79], represents an exact quantum
mechanical expression for a chemical reaction rate constant. According to the
flux—flux autocorrelation formalism, the thermally averaged rate constant k(7) is
given by

K(T) = % Jm dtCy () (353)
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where @, again denotes the reactant partition function per unit volume, and the
thermally averaged flux—flux autocorrelation function Cs(r) takes the following
form:

. iHt —BH - —BH iHt
Cy(t) = Trace | F exp = exp i Fexp —PH exp o (354)
h 2 2 h
Here H is the Hamiltonian operator, and F is defined by

[N

F=—[H,0[5(q)]] (355)

St

and represents the operator associated with the quantum flux across the dividing
surface S(q) embedded in an n-dimensional configuration space. Also of interest
to unimolecular reaction rate theory is the microcanonical rate constant k(E),
which is given by

k(E) = %Trace[ﬁsw — H)FS(E — H)] (356)

To make connections to classical reaction rate theory and to the quantized
ARRKM theory discussed above, we turn to an alternative expression of the
flux—flux autocorrelation formalism. Defining the time-dependent projection
operator

b0 = exo (2 )oista]exo (1) (357)
and using
%P(I) = exp (%)Fexp <— lﬁ#) (358)

one finds that the thermally averaged rate constant k(7)) is given by [80]

k(T) = i lim Trace [exp(—BH)FP(1)] (359)

q)r 1—+00

It P(t) is understood to be an operator in the Heisenberg representation, then in
the classical limit, Eq. (359) becomes [80]

KH(T) = m,ﬁn@ Jd% Jdpo exp[—BH (do, Po)]F (4o, Po)O[S(q,)]

(360)
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where F(qg, py) is the classical flux. Similarly, in the microcanonical case, one
has

k(E) = mgﬂfw Trace [FP(1)3(E — H)] (361)

whose classical limit is given by

1

CL —
k (E) (znh)n+l ( )

lim jdqojdpoaw H (g0, Do) F (0, Po)0[S(a,)]
(362)

Equations (359) and (361) indicate that the reason that the flux—flux
autocorrelation formalism gives exact quantum reaction rate constants is simply
that all the dynamical information from time zero to time infinity has been
included. Indeed, as shown by Egs. (360) and (362), in the classical limit the
flux—flux autocorrelation formalism requires us to follow all classical trajectories
until t = +o00 so as to rigorously tell which trajectory is reactive and which
trajectory is nonreactive. Evidently, then, the flux—flux autocorrelation formalism
is not a statistical reaction rate theory insofar as no approximation to the reaction
dynamics is made.

To gain more insight into quantum reaction rate theory, we below make a
detailed comparison between the rigorous quantum rate theory and the
quantized ARRKM theory. It is significant that the rigorous quantum results
[Egs. (359) and (361)] are very similar to the results from the quantized
ARRKM theory [Egs. (346) and (351)]. In particular, with the three assumptions

(a) Hw — H (363)
(b) Fy — F (364)
(c) By (VS - v) — t Liinmf’(t) (365)

Eq. (351) can be transformed to Eq. (359). Further identifying N, with 2nZp(E),
Eq. (346) becomes identical with Eq. (361). Hence, under certain circumstances
the quantized ARRKM theory is equivalent to the rigorous quantum reaction rate
theory. A number of remarks are in order. First, assumption (a) is automatically
satisfied by definition. Second, assumption (b) implies that Fy in the quantized
ARRKM theory be the direct analog of the quantum flux operator in the flux—flux
autocorrelation formalism. Third, assumption (c) requires that the action of the
operator GW(VS v) at any particular time, say at time zero, is equivalent to the
action of the projector P(¢) at time infinity. Regarding @y (VS - v) as the analog
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of P(0), one sees that assumption (c) is equivalent to the requirement that the
zero time quantum dynamics already suffices to rigorously determine whether
the quantum flux leads to reactants or products. This is the case if the separatrix
for reaction is exact—that is, a true dividing surface with no return.

It should be stressed that the quantized ARRKM theory is a statistical
reaction rate theory while the flux—flux autocorrelation formalism is not. In
addition to this, there are other conceptual differences between the quantized
ARRKM theory and the rigorous quantum rate theory. Consider first the
microcanonical density assumption. In the former case the microcanonical
density 3(E — H w) can be rationalized by the fact that dynamical chaos is fully
developed before reaction occurs. This may not be true when, for example,
quantum scars or intramolecular bottleneck effects are significant. By contrast,
in the latter case the microcanonical density 5(E — H) is due to the existence of
thermal equilibrium. Note also that in a rigorous quantum rate theory there is no
need to construct a phase-space separatrix, whereas in the quantized ARRKM
theory a dividing surface defined in the phase-space (rather than in the
configuration space) is necessary in order to remove recrossing trajectories seen
in the configuration space. Thus, only in cases for which an appropriate phase-
space separatrix is defined can the approximation

lim P(f) ~ By (VS - v) (366)

t—+400

be made, and the quantized ARRKM theory is then expected to be a very useful
quantum statistical reaction rate theory.

E. A Semiclassical Approximation to the Rigorous Quantum Rate Theory

Since the flux—flux autocorrelation formalism requires extensive dynamical
calculations, it is of limited use in actually calculating exact quantum reaction
rate constants. Nevertheless, the rigorous quantum rate theory constitutes a firm
starting point from which a number of approximations can be made. For
example, one may treat some DOFs including the reaction coordinate rigorously
and the remaining DOFs approximately. One may also use a quantum-classical
hybrid approach—that is, treating the most important DOFs quantum mechani-
cally and other background DOFs classically. Here we do not aim to give a
complete list of all the useful approximations to the rigorous quantum rate theory
that have been suggested. Rather, we choose to introduce in detail one particular
approximate quantum reaction rate theory that treats all DOFs in the same
manner and allows for a closer examination of the quantum-classical
correspondence. The approximation is based on the so-called semiclassical
“initial value representation” (IVR) approach [81-83].
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With the IVR approach the quantum mechanical propagator can be
semiclassically approximated by a phase-space average that involves all
possible initial conditions for the classical trajectories. Consider a simple
version of [IVR—that is, the so-called coordinate space IVR. In this case the
quantum propagator is given by

exp(2") = [ [amnCitarm)exo [P jg) g ao)

where q, denotes the coordinate at time # in an n-dimensional configuration space
with the initial condition given by (qy,py), |q) represents the usual Dirac
coordinate eigenstate, S;(q,, o) is the classical action integral (the time integral
of the Lagrangian) associated with the initial condition (q,, py), and the prefactor

Ci(qo, Po) is given by

Ci(do, Po) = Kznlzh) "

Substituting the semiclassical propagator of Eq. (367) into Eq. (359), one obtains
the following semiclassical reaction rate constant [80]:

9q,(qp, Po)
opy

} v (368)

B(r) = - tim_ | da | dpo | dpi@lSan))alF(8)la)C.(an.po)

r

s [851(do, Po) _ iSi(Qos B
where ¢ is associated with the initial condition (qq, py), and
F(B) =exp [ BZ} Fexp { BZ] (370)

Equation (369) indicates that to obtain the semiclassical reaction rate constant
kSC(T) one needs to carry out the multidimensional phase-space average for a
sufficiently long time. This is far from trivial, since the integrand in Eq. (369) is
highly oscillatory due to quantum interference effects between the sampling
classical trajectories. The use of some filtering methods to dampen the
oscillations in the integrand may improve the accuracy of the semiclassical
calculation.

A further analytical approximation to Eq. (369), proposed by Miller and co-
workers [84-86], demonstrates how the above semiclassical reaction rate theory
approaches a quasi-classical reaction rate theory. Specifically, consider the
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following drastic approximation:

0S:(do, Po)
o

where py = (po + py)/2. With this approximation and some manipulation,

Miller and co-workers showed that Eq. (369) reduces to

BT ~ g, i [day [ amols(a ) Fw(B)aop)  (672)

S:(do, Po) — Si(q9, Py) ~ (Po — Po) (371)

where Fy (B) is the Weyl transform of F(B). This expression is quasi-classical
insofar as it is very similar to the classical result of Eq. (360), the only difference
being that the product of the Boltzmann factor exp|—BH(qq, py)] and the flux
function F(qy, py) in Eq. (360) is replaced by Fy (B).

Since k5C(T) given by Eq. (372) is essentially a classical result, it may be
well approximated by a statistical theory without referring to the detailed
dynamics of the system. That is, if an appropriate phase space separatrix S(q, p)
can be constructed, then the approximation

lim 0[S(q,)] = 0(VS-v) (373)

t—+00

can be made and we obtain

B ~ g | a0 [ dRa0TS VFWB)ape) (379

Equation (374) can be regarded as a quasi-classical extension of classical
reaction rate theory.

F. Effective Hamiltonian Approach to Unimolecular Dissociation

In an effort to understand the intramolecular dynamics in unimolecular
dissociation, Remacle and Levine [87] used an effective Hamiltonian approach
that can account for different time scales associated with unimolecular reaction.
In doing so, they assumed that a dense set of energy levels lies above the
dissociation barrier and that the barrier is sufficiently high that the number of
states from which dissociation occurs is small compared to the number of bound
states.
The full system Hamiltonian is given by

H=Hy+V+U (375)

where Hj is the zeroth-order Hamiltonian of the bound states that cannot couple
to the continuum, and V and U are the bound-bound and bound—continuum
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coupling potentials. Let P and Q = 1 — P denote the projectors onto the open-
and bound-state subspaces, respectively. Then the effective Hamiltonian for the
bound-state subspace can be written as

Hes = QHQ + Q(V + U)P(E — PHP)'P(V + U)0 (376)
The coupling to the continuum is implicitly contained in the second term in
Eq. (376). The decay of the population in the bound state subspace is due to the
imaginary part of P(E — PHP) 'P. The contribution from the real part of
P(E — Pf]f’)_'f’, the so-called “level shift” due to the coupling to the
continuum, can be neglected, if the energy dependence of the coupling term
QHP is weak. In this case the second term in Eq. (376) can be regarded as a
purely anti-Hermitian operator, and the effective Hamiltonian reduces to

Her = Q(H — )0 (377)

where I is given by

— nQHP3(E — PHP)PHQ (378)

The key element in the effective Hamiltonian approach is the determination
of the eigenvalues of the effective Hamiltonian H.g. Consider first a limiting
case in which the bound states are not coupled by intramolecular interactions,
that is,

Her = Q(Ho — iT)Q (379)

where QH,Q and QI'Q can be simultaneously diagonalized. Suppose that among
the N states under study there are K quasi-bound states (K <N) and (N — K)
purely bound states that will never decay. Then the eigenvalue equation for Heg
gives

 (Ee—1iTy)|o,), (=1,2,....,K

Heitlo,) = Elo,), {=K+1,...,N (380)

For an arbitrary initial superposition state |¢g) = Z?]:o c§0>|(pg>, where the céo)

are the expansion coefficients, the time-evolving state can be described by

K
l .
XP< effl)|¢o c? exp{ h(Ef - lrl)f} lo,)
(=1

+ XN: ¥ ex < Ept>|(p£> (381)
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In the more general case that allows for intramolecular energy flow, the
effective Hamiltonian must include another perturbation term H; so that

Hee = Q(Hy — il + H)O (382)

One way of treating the H; term is to use perturbation theory to eliminate the
effect of intramolecular coupling in successive orders. Alternatively, one may
numerically diagonalize the matrix of the effective Hamiltonian in the
representation of {|¢,)}. That is, with the expansion

K N
@) =D "o+ D ¢le), m=12...  (383)
=1 (=K+1
one solves the eigenvalue equation
O(Hy — il + H)Q|®,) = hy|®y), m=1,2,... (384)

where the eigenvalue A,, = E|, — i/ is complex in general.
For an arbitrary initial state that is a linear combination of the eigenstates
{|®)}, that is,

N(0)) = an|®,) (385)

the time evolution is given by

- XN:am|q>m> exp (_;xmt> (386)

which leads to the time autocorrelation function
N .
i
1) = (W(0)|W(r)) = | — Dt 387
C(1) = (W(O)(1)) mEZI\a | eXP( % ) (387)

Note that |C(f)]* gives the “survival probability” of the initial state.
Furthermore, the probability of finding the system still in the bound-state
subspace is given by

PO = (WON0) = 3 Y asan @B exp| -1~ | (89

n=1 m=1
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To examine the dynamics in more detail one can partition the bound-state
subspace by a set of projectors {Qj} such that

0=3"0 (389)

For example, one may choose

Lj+N;

0= lo){ol (390)

(=l+1
where |@,) is the zeroth-order eigenstate of Hy — il", and Nj is the number of

states in the jth sub-subspace. The probability of finding the system in the bound-
state sub-subspace associated with Q; is given by

N N Ui+N;

=00 =" > Z (@n]0g) (0| D)

X day €XP [— (A — kn)t} (391)

St o~

The effective Hamiltonian analysis makes evident the existence of different
time scales in unimolecular decay. Consider first the zeroth-order states |@,)
with £ = 1,2,... K. Each of these states decays with a lifetime 1/T', even in
the absence of intramolecular coupling. These states are called “prompt” states.
Their average lifetime defines the average prompt lifetime (t,). The
intramolecular coupling will affect the decay behavior of the prompt states,
but only perturbatively. By contrast, the decay of the zeroth-order states |@,)
with ¢ =K,K+1,...,N is induced entircly by the perturbation H.
Presumably, the weaker the perturbation is, the slower the decay will be. This
second class of states is defined as the set of “delayed” states. Their average
lifetime defines the average delayed lifetime (t,).

Figure 42 displays a computational example of P(z) (solid line) and the
survival probability |C(r)[* (dashed line) as a function of the total number of
states N and the number of the prompt states K. The initial state is taken to have
uniform weights for either the K prompt states or the N — K delayed states. It is
seen that with fixed K and increasing N the decay of the initial delayed state is
shifted to much longer time, whereas the decay of the initial prompt state
changes little.
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Figure 42. A computational example of P(¢) (solid line) and the survival probability |C(f)|?
(dashed line) as a function of the total number of states N and the number of prompt states K. [From
F. Remacle and R. D. Levine, J. Phys. Chem. 100, 7962 (1996).]
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log(t/ns)

Figure 43. A computational example of P(t), P;(t), and |C(¢) |, for three different initial states
taken to be uniformly weighted in three different sub-subspaces (denoted by Q;, 0>, and Q3) of the
bound-state subspace. Note that there is coupling between the three sub-subspaces. [From F.
Remacle and R. D. Levine, J. Phys. Chem. 100, 7962 (1996).]

Figure 43 shows a computational example of P(r), P;(t), and |C(r) |, for
three different initial states associated with three different sub-subspaces O, O,
and Qs, The Q; sub-subspace is made up of 20 prompt states, and the O, and Q3
sub-subspaces are made up of delayed states, being of dimension 100 and 1000,
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Figure 44. A computational example of the bifurcation of the decay lifetimes into a prompt
and a delayed branch as a function of the density of states p. The number of prompt states is denoted
by K, and the number of delayed states is denoted by (N — K). [From F. Remacle and R. D. Levine,
J. Phys. Chem. 100, 7962 (1996).]
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respectively. Because the Q) initial state is a prompt state, the major part of its
decay takes place in the prompt time regime. However, due to the coupling
between the three sub-subspaces, there is significant population transfer to the
(0, and Qs sub-subspaces, which results in different decay behavior at later
times. For the O, and Q3 initial states that are delayed states, the population
transfer is seen to be much less significant.

The dependence of (t,) and (t;) on the density of states can also be
examined. The density of states can be obtained from

e -1
p= m;@m ~E,) (392)
where the {E,} are the real parts of the eigen-energies of the effective
Hamiltonian. In the case shown in Fig. 44, (1,,) is almost independent of p while
(t4) decreases as 1/p.

The effective Hamiltonian approach clearly shows the important role of
intramolecular energy flow in the quantum dynamics of unimolecular
dissociation. It suggests that unless intramolecular energy flow is dominantly
rapid, there exist two drastically different time scales in the reaction dynamics.
This is consistent with the classical concept that nonstatistical behavior in
intramolecular energy flow, such as bottleneck effects, can dramatically alter the
kinetics of unimolecular reaction.

G. Wave Packet Dynamics Approach

In the wave packet dynamics approach to unimolecular predissociation, the
quantum dynamics is studied by directly propagating quantum wave packets.
After numerically propagating the quantum wave packets, all the detailed
information about the reaction dynamics can, in principle, be extracted from the
numerical results.

Consider the formal solution of the time-dependent Schroédinger equation

0 = exp( 1) 1410) (399)

where [J(0)), the initial wave packet at t = 0, is typically a combination of
quasi-bound states in the case of unimolecular predissociation. As is consistent
with the results from the effective Hamiltonian approach, the time-evolving
wave packet can be described by

i) = el ese( ) exo(~531) (394)
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where a; is an expansion coefficient, and |¢;) is the jth quasi-bound state with
resonance energy E; and decay width I';. This general representation of |\(t))
suggests that the time autocorrelation function is given by

ct) = WO = X lafeso(~1En)ewo(-321) (99

J

and that its norm takes the following form:
N(1) = Z la;|* exp (- —t) (396)

Given the formal time dependences of C(f) and N(¢) shown in Egs. (395) and
(396), one may fit the results from numerically propagated wave packets so as to
extract E; and I';. The resonance lifetime t; and fragmentation rate constant k;
can then be determined from t; = /I and k; = 1/7;.

One attractive feature of the wave packet dynamics approach is that it makes
it possible to visualize the quantum reaction dynamics in phase-space by
examining the time-evolving Wigner function. Consider a two-DOF system for
which the time-evolving quantum wave packet is a function of two coordinates
R and r, where R denotes the reaction coordinate. To focus on the R-coordinate,
one may construct the following ‘““half” Wigner transformation:

WRP.rt) =5 o [ax(R+ 5t UlR - ,t>exp<—¥) (397)

which leaves the r-DOF intact. The Wigner function W(R, P, r, t) at a given time
t can then be visualized on a surface of section (i.e., for fixed r) and compared to
the classical phase-space distribution function.

To be specific, let us consider again the predissociation of the T-shaped Hel,
molecule [88]. The Hamiltonian operator is given by

H=——————— + Vimi(r) + 2Vie—1[Rue—1(R, 1)] (398)

where the potential terms are the same as in Eq. (90). The numerical propagation
of the quantum wave packet can be carried out, for example, in the standard
discrete variable representation (DVR) [89]. In the DVR approach the coordinate
space is discretized by defining the following grid points:

ri:rmin+iAr7 i=12,...,N, (399)
Rj = Ruin +JAR7 J=12,...,Ng (400)
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where

Ar:rmax_rmin7 AR_Rmax_Rmin (401)
N, +1 Ng +1

and (7min, max) and (Rmin, Rmax) obviously define the region that is occupied by

the grid points. The basis set for expanding the time-evolving quantum state is

chosen to be

101()) 2R, Z’Zm i) |03 (R, i) (402)

n.=1 ng=

where

2 12 . ¥i — F'min
|9y (ri,n,)) = — e A a—— (403)
max min max min

2 1 R; — Ruin
|92 (Rj, ng)) = (ﬁ) sin (ﬁnkﬂ?) (404)

In the representation of |@,(;))|®,(R;)), the matrix elements of Vi-; and Vye-1
are automatically diagonalized, and the kinetic energy operator in Eq. (398) can
also be evaluated straightforwardly. Hence numerically propagating the quantum
wave packets reduces to a linear algebra routine. Figure 45 displays the
calculated quantum wave packets [/(R, r,)) at three different times. The initial
vibrational state of I, is taken to be v = 20.

To extract various decay rates from |(R, r, 1)), the time dependence of the
norm (U(R,r,1)|Y(R, r,t)) is fit to three exponential terms such that

(U(R, ryt)[\(R, r, 1)) = Nyexp(—kit) + Ny exp(—kat) + N3 exp(—kst) (405)
The results are as follows:

N; =0.0057, ky = 2.8982 x 10~*a.u.
N> = 0.2409, ky = 4.9849 x 10~ 7a.u.
N3 = 0.7549, k3 = 4.7361 x 10~ 7a.u.

with N; + N, + N3 = 1. The very fast decay characterized by the rate constant &,
can be attributed to the dephasing of the initially prepared wave packet.
However, since the magnitude of N; is small this fast decay does not contribute
significantly to the vibrational predissociation. The rate constants k, and k3 are
almost equal in magnitude, but their corresponding coefficients N, and N3
are different. The overall predissociation rate constant obtained from the wave
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Figure 45. Contour plot of the wavefunction for the T-shaped Hel, molecule with the initial
vibrational state of I, given by v = 20. Shown from top to bottom panels are three wavefunctions at
t =0, t =91, and t = 101, where T = 14,700 a.u. is approximately the virbrational period of I,.

packet dynamics approach is found to be 0.113 cm~!, which is about one-half of
the MRRKM result (see Table IV).

To visualize the time-evolving Wigner function associated with the reaction
coordinate, we choose r = 5.70 a.u., which is close to the minimum of the I,
potential energy curve. The Wigner functions at four different times are
displayed in Fig. 46. From Fig. 46 it is seen that as time evolves, more and more
phase space flux flows out of the original support of the Wigner function. Also
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Figure 46. The time-evolving Wigner functions for the T-shaped Hel, molecule with the initial
state of I, given by v = 20. Shown from top to bottom panels are Wigner functions at r = 0, t, 31, 51,
where t© = 14,700 a.u. is approximately the vibrational period of I,. The contours from innermost to
the outermost correspond to: at ¢+ = 0, W = 0.30, 0.25, 0.20, 0.18, 0.15, 0.10, 0.05, 0.04, 0.03, 0.02;
at t =1, W =0.30, 0.25, 0.20, 0.18, 0.15, 0.10, 0.05, 0.04, 0.03, 0.02; at t = 31, W = 0.18, 0.15,
0.10, 0.08, 0.06, 0.05, 0.02, 0.01, 0.007, 0.005; at r = 51, W = 0.18, 0.15, 0.10, 0.08, 0.06, 0.05,
0.02, 0.01, 0.004, 0.003.
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seen is a pattern of “finger formation,” with the number of fingers closely
related to the propagation time measured by the vibrational period of I,. The
finger patterns can be regarded as quantum mechanical realizations of the
underlying classical phase-space structure that evolves from the classical exact
separatrix. Indeed, further comparisons between the Wigner functions and the
classical phase-space density functions show that they are in agreement,
suggesting that in this case quantum-classical correspondence is excellent

As mentioned earlier, Gray and Wozny [97] studied the predissociation of
three-dimensional models of the molecules HeCl, and NeCl, using the wave
packet dynamics approach. Their results are close to classical results. Quéré and
Gray [90] further applied the wave packet dynamics approach to other three-
DOF model systems such as He,Cl, and Ne,Cl, and obtained results that are in
reasonable agreement with experiment. However, we do not expect the wave
packet dynamics approach to be generally feasible in many-dimensional
systems, primarily because the quantum calculations can be prohibitively
expensive if the number of DOFs is much larger than three.

VII. QUANTUM TRANSPORT IN CLASSICALLY
CHAOTIC SYSTEMS

As shown above, classical unimolecular reaction rate theory is based upon our
knowledge of the qualitative nature of the classical dynamics. For example, it is
essential to examine the rate of energy transport between different DOFs
compared with the rate of crossing the intermolecular separatrix. This is also the
case if one attempts to develop a quantum statistical theory of unimolecular
reaction rate to replace exact quantum dynamics calculations that are usually too
demanding, such as the quantum wave packet dynamics approach, the flux—flux
autocorrelation formalism, and others. As such, understanding quantum
dynamics in classically chaotic systems in general and quantization effects on
chaotic transport in particular is extremely important.

There have been numerous studies of quantization effects on chaotic
transport. For example, it has been long known that a cantorus in the classical
phase-space comprise a strong barrier to transport when m/ is larger than the
classical flux across the cantorus [91,92]. In this case, the fractal structure of
the cantorus, which slows down but still allows for classical transport, cannot be
resolved by quantum dynamics and therefore behaves more or less the same as a
closed phase-space curve in the quantized system. A second important example
is ““dynamical localization” [28], which was first discovered in the so-called
“standard map” (introduced below) generated by a one-dimensional kicked-
rotor system. There, although the classical system continuously diffuses in the
energy space as a manifestation of classical chaos, quantum interference effects
quickly saturate the energy diffusion.
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Here we review some recent results concerning quantum transport in
classically chaotic systems, including new results on suppressed quantum
transport through cantori, quantum suppression of Arnold diffusion, and faster-
than-classical quantum anomalous diffusion.

A. Quantum Transport Through Cantori

Recently, Maitra and Heller reexamined quantum transport through cantori [93],
including the cases in which 7/ is actually smaller than the classical flux crossing
a particular cantorus. In doing so, they used the Whisker map, which can describe
the motion within a chaotic layer near a separatrix in a typical nonintegrable
system. The Whisker map is given by

L1 =1, —ksind, (406)

(anrl = d)n + Aln (407)

L1 —1p

where (I,,, ¢,) are action and angle variables before the (n + 1)th mapping, and
the parameters k and A determine the phase space structure. Typically, there are
several cantori within the chaotic layer, corresponding to irrational winding
numbers that are given by r &= (1 — g), where r is an integer and g is the golden
mean previously defined. The flux F across a cantorus can be estimated from

F ~ exp (070 ‘”‘p{_z"[;i =g/ ”) (M exp{2n[r + (1 — g)]/A} — ko)*™!

(408)

where k. = 0.9716.
Quantizing the action and angle variables, one obtains the following quantum
map:

—in(I = Io)(In |5 | + 1)
U = exp P 0

(409)

exp {ik cos d)]
h

where 1 and ¢ should be understood as operators in the Hilbert space. The
eigenstate of the action I with eigenvalue I is denoted by |I). The diffusion in
action space can be studied using the time-averaged probability P(Iy, ;) of being
in the final state |I;) starting from the initial state |I;). P(I, I;) is given by

Y .
P(Iy,I;) = A}E&NZ I U ) [P (410)
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Figure 47. Quantum transport suppressed by the cantorus. Shown here is the logarithm of P(1,
I;) versus I, with the initial state given by /; = 4. The winding number of the cantorus is given by
2 — g. From top to bottom the dotted lines have the slopes 3.2, 18, and 6.5, respectively. [From N. T.
Maitra and E. J. Heller, Phys. Rev. E 61, 3620 (2000).]

We consider below a case in which the cantorus is at I ~ 6.4, with the
winding number given by 2 — g, and the classical flux F through the cantous
given by ~ 0.01m. Figure 47 shows In[P(I,1; = 4)] versus I, with the initial state
at |I; = 4), and 7 = 0.005, 0.02 or 0.1. For all the cases shown it is seen that
P(I,1; = 4) decays exponentially, implying that the cantorus presents a strong
barrier to quantum transport. A linear fit of the results in the neighborhood of
the cantorus can be carried out, giving a slope S as a fitting parameter. The
inverse of the slope thus obtained (i.e., 1/S) is indicative of the extent to which
the quantum state can penetrate into the cantorus. Specifically, S is found to be
3.2, 18, and 6.5, for the three values of &, respectively. Thus, as nh increases
from below the classical flux, S increases; but then decreases as nh gets larger
than the classical flux. This clearly demonstrates the existence of different
mechanisms that account for the suppressed quantum transport.

When 7/ is larger than the classical flux, the mechanism of suppression is
well known; that is, the quantum state cannot get through the fractal structure of
the cantorus, and as a result the associated quantum transport is due entirely to
tunneling. What is most interesting is that quantum transport is still suppressed,
as seen in the decay behavior of P(If, I;), even when /i is considerably smaller
than the classical flux. To demonstrate that this suppression is uniquely related



CLASSICAL, SEMICLASSICAL, AND QUANTUM MECHANICAL RATE THEORY 131

3 t oy
o |
%76 5 4 8 =2 o
InTi

Figure 48. The dependence of In S on In /. The dashed lines indicate that S scales with /%3 if
i is smaller than the classical flux and that S scales with 7% if 77 is larger than the classical flux.
[From N. T. Maitra and E. J. Heller, Phys. Rev. E 61, 3620 (2000).]

to the cantorus, Maitra and Heller further showed that S scales with #* with
o ~ 0.5. This result is shown in Fig. 48. Note that in the case of quantum
suppression of chaotic transport due to dynamical localization, one has that S
scales with %. As such, for sufficiently small 7 the quantum suppression effect
on chaotic transport due to a cantorus is always much larger than that due to
dynamical localization.

This finding concerning quantum transport in classically chaotic systems
sheds new light on quantum effects in unimolecular reaction dynamics. For
example, one expects that intramolecular bottlenecks associated with cantori, if
treated quantum mechanically, would be more effective than in a classical
statistical theory even when 7/ is smaller than the reaction flux crossing the
intramolecular dividing surface. Clearly, it would be interesting to examine
realistic molecular systems in a similar fashion.

B. Quantum Suppression of Arnold Diffusion

Given the important role of Arnold diffusion in understanding chaotic transport
in many-dimensional systems, it is quite surprising that a study of the
quantization effect on Arnold diffusion was not carried out until very recently
[94-96]. In particular, Izrailev and co-workers are the first to carefully examine
quantum manifestations of Arnold diffusion in a well-studied model system. The
model system is comprised of two coupled quartic oscillators, one of which
driven by a two-frequency field. Its Hamiltonian is given by

H = HY + H) — pxy — fx[cos(o; 1) 4 cos(w,1)] (411)



132 MEISHAN ZHAO ET AL.
where

P

0 x*
H = — 412

2 4

Py y
H) =2+ 413
275 + " (413)

with all variables in dimensionless units. In particular, p,, py,x, and y are
momentum and position variables, | is the coupling constant between the two
DOFs, f is the amplitude of the driving field, and ®; and ®, are the two
frequencies of the driving field.

For nonzero f the separatrix associated with the main 1: 1 resonance in the
undriven system is destroyed and a chaotic layer that allows for Arnold
diffusion can be induced. Note that using two driving frequencies is not
essential to induce Arnold diffusion. However, with two commensurate driving
frequencies the Arnold diffusion would be much more homogeneous, thus
simplifying the analytical considerations in obtaining the Arnold diffusion
coefficient. To quantize the system, one simply sets [p.,x] = [py,y] = —ih,
where 7y should be regarded as a dimensionless effective Planck constant of
the system, such as the ratio of % to the characteristic action of the system. The
quantum dynamics can be examined by direct propagation of quantum wave
packets. For the results discussed below, the system parameters were chosen as
follows: f/n = 0.01, hip ~ 1.77 x 1073, 10n/w; = 12n/w, = T = 150.

Figure 49 shows the energy variance (denoted by A, and in unit of
73 (o) + @,)%/4]) versus time (denoted by N and in units of T), for three
different initial states—that is, below, above, and within the chaotic layer that is
responsible for Arnold diffusion. Clearly, the quantum transport depends
strongly on the location of the initial quantum state. In particular, with the initial
state below or above the chaotic layer (curve 1 or curve 2), A, quickly saturates;
whereas with the initial state inside the chaotic layer, after a transient period A,
keeps increasing for a long time in a more or less linear fashion. The average
linear rate of increase of A, gives the quantum diffusion coefficient.

To further demonstrate that the quantum transport of curve 3 in Fig. 49 is
intrinsically related to Arnold diffusion, Izrailev and co-workers compared the
p-dependence of the quantum diffusion coefficient to that of the Arnold
diffusion coefficient. This comparison is shown in Fig. 50. It is seen that the
quantum result resembles the classical result. That is, roughly speaking, in
either case the logarithm of the diffusion coefficient decreases linearly with
increasing 1/,/jt. This makes it clear that quantum manifestations of Arnold
diffusion are indeed observed.

Figure 50 also shows that quantum effects strongly suppress Arnold diffusion
(note the logarithmic scale). The suppression effect for very small p is
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Figure 49. The energy variance A, (in units of [/} (o + ,)?/4]) versus the time variable N
(in units of T). The system parameters are chosen as f/p=0.01, 7y~ 1.77 x 1077,
10n/w; = 12n/w, = T = 150. The three curves correspond to three initial states, i.e., below,
above, or within the separatrix associated the Arnold diffusion. [From V. Ya Demikhovskii, F. M.
Izrailev, and A. I. Malyshev, Phys. Rev. Lett. 88, 154101 (2002).]

understandable because the thin chaotic layer can only support very few
quantum eigenstates. However, as estimated by Izrailev and co-workers, for
p> 1.25 x 10~*, which is true for most cases shown in Fig. 50, the number
of quantum states that can be supported by the chaotic layer should be larger

N T T T T T T T T

Log D
L
(o]
T
1

17 + _

-8 v ooy

i

Figure 50. Quantum and classical Arnold diffusion constants versus 1/./fl. [From V. Ya
Demikhovskii, F. M. Izrailev, and A. I. Malyshev, Phys. Rev. Lett. 88, 154101 (2002).]
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than 10. This being the case, we see that quantum effects can strongly suppress
Arnold diffusion even when the system is not in the deep quantum regime.

It remains to examine whether or not the results of Izrailev and co-workers
are general. In particular, since the Gaspard—Rice four-dimensional mapping
model introduced above can mimic the Arnold diffusion in unimolecular
predissociation, the corresponding quantum dynamics is of considerable
interest.

C. Faster-than-Classical Quantum Anomalous Diffusion

As seen throughout this chapter, for most Hamiltonian systems regular regions
coexist with chaotic regions in phase-space. The boundary between a regular
region and a chaotic region is complicated, due to, for example, the fractal
structures of cantori. As such, in many cases there are strong correlations in the
dynamics, and chaotic diffusion in energy space is not a random walk. To see this
more clearly, consider the standard map (defined below) as an example.
Assuming that the system is strongly chaotic, one expects that the average energy
of a classical ensemble should increase linearly with time, with the chaotic
diffusion coefficient well-predicted by a statistical approach. However, in many
cases this is not true. Instead, the system may display anomalous diffusion: that
is, the average energy of the system may increase as ~ r*, where ¢ is the time
variable, and 1 < o < 2. Note that in this case the average energy of the system
increases much faster than for the normal diffusion case in which o = 1.

To date there are only a few studies of the quantum dynamics associated with
classical anomalous diffusion. We consider here a recent study by Brumer and
co-workers, who showed that quantum effects can further accelerate classical
anomalous diffusion [97]. This is highly counterintuitive, since people tend to
believe that in all cases quantum effects suppress classical chaotic transport.
The system they studied is a modified kicked rotor system, whose Hamiltonian
is given by

H(L, 0, 1) = 12/21 + cos(8) f(n)é(% —n) (414)

where f(n) = lifn=4j+ 1 or4j+2,f(n)=—1ifn=4j+3 or4j+4, Lis
the angular momentum operator, 0 is the conjugate angle, / is the moment of
inertia, A is the strength of the kicking field, and T is the time interval between
kicks. The basis states of the Hilbert space are given by |m), with L|m) = mh|m).
The quantum dynamics depends on the dimensionless parameters k = AT /i and
the effective Planck constant t = iT/I. The underlying classical dynamics
depends only on one parameter, k = k7, and takes the form

Loy = L, +xf(n)sin(6,), 6,11 =0, 4+ Ly, (415)
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Figure 51. Classical phase-space structures of a modified kicked rotor system. Note that the
regular islands are transporting islands. [From J. B. Gong, H. J. Worner, and P. Brumer, Phys. Rev. E.
68, 026209 (2003).]

where L = Lt/h is the scaled c-number angular momentum and (L,, 6,)
represents the phase-space location of a classical trajectory at (n + 1 — 07)T. If
f(n) is replaced by a constant, then Eq. (415) defines the standard map. The
introduction of f(n) is used to magnify the effects discussed below.

For k = (21, + 1)m, the classical map of Eq. (415) has the marginally stable
points L = (2I; + 1)n,0 = £n/2, where /; and I, are integers. These points
are shifted by a constant value (£(21, 4 1)n) in L after each kick. Around these
stable points are regular phase-space structures, called ‘“‘transporting regular
islands.” These islands are structurally stable insofar as they persist as long as
K is close to (21, + 1)m. Any trajectory launched from the transporting regular
islands will consecutively jump to other similar islands located in adjacent
phase-space cells, resulting in an energy increase that is quadratic with time. For
trajectories initially outside the transporting regular islands, the stickiness of the
boundary between the transporting regular islands and the chaotic sea induces
classical anomalous diffusion. Figure 51 displays both the transporting regular
islands and the chaotic sea on the PSS for k = 3.5.

Figure 52 displays a quantum-classical comparison of energy diffusion
Kk = 3.5, in terms of the dimensionless scaled energy averaged over the quantum
and classical ensemble, denoted by E, = (L*)t?>/2h* and E.= (I?)/2,
respectively. The effective Planck constant t is chosen to be 0.1, a value far
from the semiclassical limit but relatively small compared to the area of the
transporting islands shown in Fig. 51. Furthermore, this value of t ensures that
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Figure 52. Quantum and classical anomalous diffusion in a modified kicked rotor system.
Shown here is the time dependence of the average scaled rotational energy, denoted as Eq (solid line)
and E, (dashed line) for the quantum and classical ensembles, respectively. Note that the quantum
result is well above the classical result. [From J. B. Gong, H. J. Worner, and P. Brumer, Phys. Rev. E
68, 026209 (2003).]

the nongeneric behavior associated with quantum resonances (i.e., T = 2nl; /I)
is avoided. The initial quantum state is chosen to be |0), which does not overlap
with the transporting regular islands. The corresponding classical initial state is
given by L = 0 with 0 uniformly distributed in [0, 2. It is seen that energy
increases nonlinearly with time in both quantum and classical cases. The
quantum-classical break time is at 7, ~ 2007". An excellent log—log linear fit of
the results after 1, gives E, oc N'' (solid line) and E, ox N'3¢ (dashed line),
where N is the number of kicks. Hence, both quantum and classical dynamics
display characteristics of anomalous diffusion, and, more significantly, the
quantum anomalous diffusion is much faster than classical anomalous diffusion.
Brumer and co-workers also studied other cases with much smaller t and found
that quantum anomalous diffusion indeed approaches the underlying classical
anomalous diffusion from above rather than from below as the effective Planck
constant goes to zero. Note also that quantum anomalous diffusion will saturate
eventually, due to dynamical localization.

Brumer and co-workers qualitatively explained the observed faster-than-
classical quantum anomalous diffusion in terms of strong quantum tunneling
between the transporting regular islands and the chaotic sea. If this is correct,
then the notion that quantum states are primarily located on either chaotic or
regular regions does not apply to the case of transporting regular islands
embedded in a chaotic sea. This is consistent with a recent study by Hufnagel
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et al. [98], who observed that quantum states can indeed ignore regular or
chaotic phase-space structures.

VIII. CONCLUDING REMARKS

In this chapter we have reviewed the development of unimolecular reaction rate
theory for systems that exhibit deterministic chaos. Our attention is focused on a
number of classical statistical theories developed in our group. These theories,
applicable to two- or three-dimensional systems, have predicted reaction rate
constants that are in good agreement with experimental data. We have also
introduced some quantum and semiclassical approaches to unimolecular reaction
rate theory and presented some interesting results on the quantum-classical
difference in energy transport in classically chaotic systems. There exist
numerous other studies that are not considered in this chapter but are of general
interest to unimolecular reaction rate theory.

There are a number of open issues associated with statistical descriptions of
unimolecular reactions, particularly in many-dimensional systems. One
fundamental issue is to find a qualitative criterion for predicting if a reaction
in a many-dimensional system is statistical or nonstatistical. In a recent review
article, Toda [17] discussed different aspects of the “‘Arnold web”’—that is, the
network of nonlinear resonances in many-dimensional systems. Toda pointed
out the importance of analyzing the qualitative features of the Arnold web—for
example, how different resonance zones intersect and how the intersections
further overlap with one another. However, as pointed out earlier, even in the
case of fully developed global chaos it remains challenging to define a nonlocal
reaction separatrix and to calculate the flux crossing the separatrix in a many-
dimensional phase-space.

Recent studies of intramolecular energy transfer in organic molecules
[99,100] suggest that it is rare to see a dense Arnold web in many-dimensional
molecular systems. It is observed that even in large molecules, energy transport
may be still governed by local phase space structures. Thus, an initial
vibrational state typically undergoes relaxation on a manifold whose dimension
is much smaller than that predicted by global chaos. This is confirmed by recent
experimental results [100], which indicate that the slow energy transport in large
molecules could manifest itself as the reaction rate becomes larger—for
example, when the energy of the reacting system increases. The general
observation of slow energy transport in large molecule systems brings up two
new directions for investigation. First, the slow energy transport indicates that
the dynamics of intramolecular energy transport is weakly chaotic. Hence, as
pointed out by Gruebele [100], active control of molecular dynamics in large
molecular systems, such as reversing the intramolecular energy transport, is
very possible. Second, it is necessary to develop a new statistical reaction rate
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theory (classical and quantum mechanical) that can first model and then
incorporate slow energy transport in a many-dimensional system.

As mentioned earlier, Komatsuzaki and Berry [26] have recently developed a
promising approach to analyzing many-dimensional reacting systems. By
seeking appropriate canonical transformations that yield local approximate
constants of motion associated with the reactive mode, they were able to
transform the conventional dividing surface in configuration space to a many-
dimensional separatrix in phase-space. Specifically, suppose the original phase-
space variables are denoted by (q,p) =(q1,92,-.-,9u;P1,P2,---,Pn), the
conventional dividing surface is located at g; = 0, and the required approximate
canonical transformation to a certain order is given by

(a,p) — [d'(a,p), P'(q, p)] (416)

where (q',p') = (¢), %5, @3 P15 Phs - -+ P,), and gy = ¢1(q,p) is the new
reactive mode ‘““dressed” by (q2,...,qn;P1,P2,---,Pn)- As is forced by the
construction of the canonical transformation, this dressed reactive mode ¢} (q, p)
is approximately and locally separable from (g5, . ..,q,;p5, - ., pP,). Hence, the
approximate dividing surface

q1(q,p) =0 (417)

defined in the original phase-space, is in fact an approximate many-dimensional
phase-space separatrix and can be close to an exact separatrix insofar as
trajectories will not recross it, provided that the approximate constants of motion
persist long enough that the final state of the saddle crossings can be determined.
Recalling that the key element in the ARRKM theory is to seek an approximate
phase-space separatrix, one sees that the Komatsuzaki—Berry approach is, in
essence, a many-dimensional extension of the ARRKM theory by use of
canonical transformations. Indeed, identifying the ¢} (q, p) in Eq. (417) with the
phase-space separatrix S(q, p) in the ARRKM theory [see Eq. (87)], one obtains
the following microcanonical reaction rate constant:

) = 5 [ da | dosid, (@)t (0000t (a.pOE 1) (a18)

where N is a normalization constant and H is the system Hamiltonian. However,
since such an extension of the ARRKM theory does not account for the
peculiarity of intramolecular energy transfer in many-dimensional systems, the
predicted rate constant k(E) is not expected to be very useful, particularly when
the initial state is far away from the dividing surface ¢, (q,p) = 0.

Having recognized a similarity between the ARRKM theory and the
Komatsuzaki—Berry approach, we now comment on the difference between
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them. First, Komatsuzaki and Berry have carefully investigated the dynamical
behavior of the classical trajectories that recross the conventional dividing
surface g; = 0. For example, they have vividly demonstrated that the
trajectories recrossing g; = 0 can indeed avoid recrossing the phase-space
separatrix ¢ (q,p) = 0. In contrast, in developing the ARRKM theory and its
various extensions in few-dimensional systems, Rice et al. focused their
attention on the reaction rate constant and did not examine in detail to what
extent the approximate phase-space separatrix can rotate away the recrossing
trajectories. The results of Rice et al. suggest that the calculation of the
approximate reaction rate constant within—for example, a factor of two or
three—is insensitive to the fine structure of the separatrix and therefore does not
need a more formal approach, such as the Lie canonical perturbation theory.
Second, there exists a natural many-dimensional extension of the ARRKM
theory based on the reaction path formalism. In particular, with Eqs. (189) and
(190), one may intuitively use (with somewhat different notation from above)

. 2
[po = SN 0uBu(s)P]

2<1 + 3 QkBk.SN—f—(;)

S+ V(s) —E; =0 (419)

as an approximate phase-space separatrix, where s is the reaction coordinate, Ej
is the saddle point energy, and Oy and P, represent the coordinates and momenta
of other DOFs. It would be of great interest to compare this approximate many-
dimensional phase-space separatrix, constructed by physical intuition, with that
obtained by the Komatsuzaki-Berry approach. It is plausible that they
are different in their capabilities for removing recrossing trajectories, but could
give similar reaction rate constants such as k(E) in Eq. (418). Note that in
the adiabatic limit—that is, when the motion associated with the DOFs other than
the reactive mode is much faster than the reaction—the dynamics of the reactive
mode is entirely determined by an effective potential [see Eq. (198)]. As such,
the constant of motion associated with the reactive mode—for example, the
adiabatic Hamiltonian itself [see Eq. (198)]—indeed exists. This suggests that
the difference between the many-dimensional extension of the ARRKM theory
based upon the reaction path formalism [see Eq. (419)] and the Komatsuzaki—
Berry result should diminish as the reaction becomes slower.

Throughout this chapter we have been concerned with statistical approaches
applied to isolated molecules. Since most (unimolecular) reactions occur in an
environment comprised of other molecules, it is important to examine the
effects of molecule—molecule interaction on the kinetics and dynamics of
unimolecular reactions. Take the difference between quantum and classical
transport as an example. Based on recent studies of quantum-classical
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correspondence in open systems [101-103], it is reasonable to expect that
molecule—molecule collisions may introduce decoherence to reacting systems to
such a degree that predictions from the quantum dynamics become even closer
to that from a classical theory. Of course, when molecule—-molecule interactions
are no longer perturbative—for example, in a liquid—then a unimolecular
reaction rate theory that is based on phase-space structures of isolated molecular
systems does not apply, and the models that we have discussed need significant
extension.
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I. INTRODUCTION

Let us begin with a simple, but still unresolved question, that is, “Why can a
reacting system climb through the saddle from a basin to one another?”” Figure 1
schematically shows representative reactive and nonreactive, saddle crossing
trajectories that were initiated from the reactant well. Although both trajectories
have sufficient total energy larger than the saddle point energy, one will climb
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Product

Reactant

Figure 1. Reactive and nonreactive saddle crossing trajectories on a potential energy surface.

through to the product well but the other will go back to the original, reactant
well. This implies for classical systems that the condition for the reacting
systems to possess a total energy larger than the saddle point energy is only
necessary and not sufficient. Then, what are the necessary and sufficient
conditions for a reacting system to climb through from one basin to another? This
is one of the central issues we want to focus on in the present chapter.

Dynamics on two-basin potential energy surfaces has been extensively
explored in the context of chemical reactions over the past several decades [1—
14]. Transition state theories (TST), first developed by Eyring [3] and Evans [4]
and by Wigner [5] in the 1930s, have had great success in elucidating absolute
reaction rates of chemical reactions. All the various forms of (classical) TST are
based on two fundamental assumptions:

No-Return Assumption. A dividing hypersurface—that is, the transition state
(TS)—exists (generally in phase space) through which a reacting species
should pass only once on the way from the reactants to the products before
being ‘““captured” in the products. Note that this implicitly requires that
the hypersurface can decompose the space into two distinct regions,
reactant and product. This, in turn, implies that for Hamiltonian systems
with n degrees of freedom, the TS must be of co-dimension one—that is,
(2n — 2) dimension—on the (2n — 1)-dimensional equienergy hypersur-
face of the chosen 2n-dimensional phase space R*" [15].

Local Equilibrium Assumption. There exists a quasi-equilibrium between
the reactant and a system crossing the TS from the reactant to the product.
This precise representation was taken from an insightful article on the
observability of the invariant of motion in the transition state by Marcus
[16]: The motions along the reaction coordinate at the transition state was
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postulated in the original TST to be one-dimensional, translational
motions. This implies that the reactive degree of freedom is assumed to
be dynamically separable from the other degrees of freedom ar the
transition state. Although many literatures have often described to assume
the quasi-equilibrium as ‘“‘occurring between the reactant and the TS
itself,” rigorously speaking, there is no source to yield a quasi-equilibrium
between the reactant and a dynamically separable, elusive state. In the
other words, the reacting systems move about ‘“‘ergodically” within the
reactant well more quickly than finding en route to the TS. (Readers will
see in this chapter that this is a generic consequence inherent to the
first-rank saddles up to moderately high energies if the TS is defined not
in the configurational space but in the phase space.)

However, few theories have clarified the physical conditions needed to
validate these fundamental assumptions—that is, the necessary and sufficient
conditions to use this description for a reacting species climbing through the
saddle from the reactant to the product well. This is one of the most elusive
aspects in justifying the application of TST to a multitude of reacting systems.
In practice, one has often defined the TS in configurational space with an ad hoc
correction factor, called the transmission coefficient k, to take into account that
the system of interest actually makes more than one crossing of the
surface presumed either to be the desired dividing surface or one that
the system finds en route to the TS without moving about “ergodically” in the
reactant well.

In the developments [17-24] of classical unimolecular reaction rate theories,
there has been a great improvement of our understanding of the definability of
such a general, no-return dividing hypersurface from the viewpoint of the
geometric structure of the phase space in chemical reactions. Davis and Gray
[17] first showed in the late 1980s that in Hamiltonian systems with two degrees
of freedom (DOFs), a TS always free from recrossings can be defined as the
separatrix in the Poincaré section formed by taking the union of segments of the
stable and unstable manifolds, and the transport across the TS is interpreted as
mediated through the turnstile lobes bounded by two homoclinic intersection
points. Gillilan and Ezra [20] analyzed the predissociation of van der Waals
complex He-I, with three DOFs—that is, the four-dimensional Poincaré section.
They demonstrated, as predicted by Wiggins [21], that the occurrence of
homoclinic tangency inherent to higher-dimensional systems (>two) hampers
the construction of the hypersurface dividing the bound complex reactant region
from unbound trajectories. Toda [22-24] noticed that the homoclinic tangency
leads to a bifurcation of the phase-space reaction path with a transition between
two topologically distinct chaotic regimes. Thus, the Davis—Gray separatrix
transition state depends crucially on the Poincaré section having only two
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dimensions. No general, no-return dividing hypersurface has been found yet for
systems of higher dimensionality. In other words, it is still an unresolved open
problem to determine the circumstances in which such a hypersurface would
persist, if it exists, or would be ruined in the chaotic thermal bath of
multidimensional systems.

Focusing on regulation of trajectories in the vicinity of the saddle points on
potential energy surfaces, several theoretical and experimental developments
have shed light on mechanics of passage through the region of a potential saddle
for higher-dimensional systems. Indicative symptoms of local regularity near
the saddles appeared in theoretical studies of small atomic clusters by Berry and
co-workers [25-31] that compared local Liapunov functions and Kolmogorov
entropies in saddle regions with those in other regions of potential surfaces.
Evidence appeared also in experiments by Lovejoy and co-workers [32,33] on
decomposition of vibrationally excited ketene that showed rates with quantized
steps; Marcus suggested that this could be a signature of existence of
approximate invariants of motion in the TS [16].

De Leon and co-workers [34-37] established an elegant reaction theory for a
system with two DOFs, the so-called reactive island theory to mediate reactions
through cylindrical manifolds apart from the saddles. Their original algorithm
depends crucially on the existence of pure unstable periodic orbits in the
nonreactive DOFs in the region of the saddles and did not extend to systems
with many DOFs.

Recently, Komatsuzaki and Berry revealed [38—45] using classical isomeri-
zation of a 6-atom Lennard-Jones cluster that at least three distinct energy
regimes of dynamical behavior, so-called quasi-regular, semi-chaotic, and fully
developed chaotic regimes, exist in the region of a saddle of strongly coupled,
many particle Hamiltonian systems. These are distinguished by the extent of
regularity of their dynamics. Up to energies high enough to make the system
manifestly chaotic, approximate invariants of motion associated with a reaction
coordinate in the phase space imply a multidimensional dividing hypersurface
that is free from recrossings occurring in that regime even in a sea of chaos.
Their technique relies on the application of Lie canonical perturbation theory
[46,47] (with algebraic quantization [48-50], if necessary), a classical analog of
Van Vleck perturbation theory [51,52], for the region of potential saddles. This
provides us with the natural reformulation [38,39] of the conventional TST
based on that hypersurface in multidimensional phase space, which gives us
better classical reaction rates of multidimensional systems. They presented a
practical algorithm to visualize the dividing hypersurface in the multi-
dimensional phase space of a given system [40,41], illuminated a new type of
phase space bottleneck that emerges as the total energy and mode-coupling
increase, which keeps a reacting system increasingly trapped in the region of a
saddle [42,43], and established a strong propensity rule and corresponding
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formula for transitions of chemical reactions which enables us to predict a
priori whether the system climbs through the saddle to the product or returns to
its original state [45].

The earlier work of Wiggins [21,53] provides a firm mathematical
framework for many-dimensional phase space transport, based on the notion
of a normally hyperbolic invariant manifold (NHIM) and its stable and unstable
manifolds as the appropriate generalization of the concept of ‘“‘saddle” and
‘“separatrices” on a multidimensional phase space. However, the major
technical obstacle preventing its implementation has been the lack of
an algorithm for searching arbitrary NHIMs in realistic multidimensional
systems. As shown by Komatsuzaki and Berry, Lie transforms provide one
of the most powerful techniques to extract a NHIM at least in the region of
saddles from many-dimensional phase space. Recently, Uzer et al. [54] applied
the Lie transformation to the vicinity of a saddle for a hydrogen atom in
crossed electric and magnetic fields containing significant Coriolis interactions
(a 3-DOFs system) and provided a detailed description of the (local)
geometric structure of chemical reactions in multidimensional phase space.
Wiggins et al. [15] presented a mathematical foundation of the robust
persistence, in each order, of the invariant of motion along the phase-space
reaction coordinate.

In this chapter, we briefly survey our recent findings on the mechanism
for a reacting species to climb through the saddle and its relevance to the
underlying geometric structure of the phase space. We focus on describing
the concept, sacrificing mathematical rigor. (Readers can refer to our recent
review article [41] for the mathematical description and also the articles by
others [55-58] in this volume of Advances in Chemical Physics.) In another
article in this volume [59], one of the authors reviews several kinds of strange,
cooperative dynamical behavior observed through structural transitions on
multibasin landscapes for liquid water and proteins and discusses how such
a regulatory structure through a ‘“reaction bottleneck” may be generic
irrespective of the size of the systems and ‘“‘ruggedness” of potential energy
surfaces.

II. DYNAMICAL REGULARITY IN THE REGION OF SADDLES

Suppose that Hamiltonian H(p, q) is expressed in a region around a saddle point
of interest as an expansion in a small parameter €, so that the zero-order
Hamiltonian Hj is regular in that region; specifically, it is written as a sum of
harmonic-oscillator Hamiltonians. Such a zero-order system is a function of
action variables J of Hy only, and it does not depend on the conjugate angle
variables @. The higher-order terms of the Hamiltonian are expressed as sums of
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cubic, quartic, and so on, terms in the normal coordinates of the system, at its
saddle [9,38,39].

H:H0+Ze”H (1)
=1

22@2 + 07q;) = Ho(J) 2)

Z €'H, =€ Cugiqq

Jik,l

+é Z Cikimqiqxqigm + - - - = Zean(J, o) 3)
Jk,m n=1

Here, g; and p; are the jth normal coordinate and its conjugate momentum,
respectively; ®; and Cjy, Cjum, - .. are, respectively, the frequency of the jth
mode, the coupling coefficient among g;, gk, and ¢; and that among g;, g, g, and
gm» and so forth. We denote hereinafter a reactive DOF, ““1”°, whose fundamental
frequency ; is pure imaginary, while the frequencies wg of the other ‘““bath”
modes B are real. An early insight by Hernandez and Miller [60] in their
semiclassical theory based on Van Vleck perturbation theory and recent classical
chemical reaction theory based on Lie canonical perturbation theory by
Komatsuzaki and Berry [38—45] show that there robustly exists an invariant of
(classical) action associated with the phase-space reaction coordinate buried in a
sea of chaos for strongly coupled many-body systems in the region of the first-
rank saddles. This is due to the generic fact that an arbitrary combination of
modes cannot satisfy the resonance conditions if one mode has an imaginary
frequency, included in the combination, that is,

E ny Ok

k=1

2 |o] > O(e") (4)

for arbitrary integers n; with n; # 0. This implies that one can generally find a
nonlinear, canonical transformations of the coordinates to transform noninteg-
rable Hamiltonian H(p, q) into a new form:

H(p7 q) = Ho(J) +Z€an Jla&B) (5)

in the vicinity of the saddles up to arbitrarily high order [15,44,45,54]. Here
(p,q) are new canonical variables, (J, @) their action-angle variables, and &g



REGULARITY IN CHAOTIC TRANSITIONS ON TWO-BASIN LANDSCAPES 149

represents those of bath modes (j B, (:)B), collectively. The phase-space reaction
coordinate g; and momentum p; obeys

_ 0 , o -
a9 toiqea =T pPa=7a00q (6)
in the region of any first-rank saddle [44], where

D - - OH
FE%%(P&) 6_0126)1(11,233):% (7)
(% and X represent the first and second derivatives of x with respect to time z.) The
®;(Jy,&z) depends on time ¢ only through bath modes &g(¢) because J; is
independent of ¢ by Eq.(5). If all the actions J approximately persist as invariants
of motion in the region of the saddles—that is, H(p,q) = H(J)—then I = 0.
Even while all or most of all the actions no longer retain their invariance, the
exception being the phase space reaction coordinate, i.e., H(p,q) = H(J}, &)
[Eq. (5)], still T' ~ ((€?) in the vicinity of the saddles. The former case generally
holds at an energy regime slightly above the threshold saddle point energy in the
region of (first-rank) saddles, where the saddle crossing process is fully
deterministic spanning all the degrees of freedom with a strong dynamical
correlation between incoming and outgoing trajectories to and from the saddle.
We referred to this energy regime as the quasi-regular region [38]. The latter
case holds up to moderately high energies above the threshold thanks to Eq. (4),
where the full dynamics of the saddle crossing process is unpredictably
“stochastic,” but the motion along the phase space reaction coordinate can still
be predicted, with a weak (but nonzero!) dynamical correlation between the wells.
We referred to this energy regime as the intermediate, semi-chaotic region [38].
As shown in Figure 2, Eq. (6) tells us that even if reaction transition
processes look to be ‘“diffusive stochastic” processes in the configurational
space, they can always be represented in the phase space as ballistic dynamical
processes decoupled from all the other parts of the bath space if the action
associated with (at least) the phase space reaction coordinate g; maintains its
invariance long enough to determine the final state of the reactions [38]. From
the projection of a nonreactive ‘“‘recrossing” trajectory onto the configurational
space and the phase space in Figure 3, one can deduce one very important clue
for what the necessary and sufficient conditions must be for the system to climb
through one basin to another. That is, all nonreactive recrossing trajectories
in the configurational space are transformed to nonreactive, nonrecrossing trajec-
tories over the phase-space dividing surface S(g;(p,q) = 0), if the invariants of
action persist locally, for the phase-space reaction coordinate g;. This is because
decoupling the motion along g, removes all forces that would return the system
back across the dividing surface [38].
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Figure 2. The projections of a reactive, “recrossing” trajectory onto the configurational space
and the phase space (see text for details).
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Figure 3. The projection of a nonreactive ‘“‘recrossing” trajectory onto the configurational
space and the phase space (see text for details).
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We derived a dynamical propensity rule for transitions as follows: From
Eq. (6), one can derive an approximate analytical form for g (p, q) [44,45];

@000 a(0) = el @ 1 Je 0
L
~5e + 5¢ 9)
o pi(to) o pi1(t)
o=qi(to) + o] B=qi(t)— o | (10)

where constant coefficients o and B can be estimated from g (p(#), q()) and
Dp1(p(t0), q(2)) at any arbitrary time #, in the region of the saddle. This enables us
to predict a priori whether the system climbs through the saddle to the product,
or returns to its original state, and tell us the physical foundation of why and how
the system traverses the saddles from reactant to product states; if the trajectories
have crossed a configurational dividing surface S(g; = 0) at time 7y with o > 0,
the final state has already been determined at “‘the time #y when the system has
just left the S(g; = 0)” to be a stable state directed by g; > 0 (let us denote that
state as the product state). Similarly, from only the phase-space information at
t = 1o (the sign of B), one can infer whether the system on S(g; = 0) at time #y
has climbed from either stable state—that is, reactant or product.
The dynamical propensity rule for (forward) transitions is derived as

“If g1 (to) > i) (41(10) < —ﬁl(to)> (11)

||

the system will go through to the product (return to the reactant)”

III. GEOMETRIC ASPECTS OF THE PHASE SPACE

Figure 4 shows a schematic portrait of the phase space flows (denoted by arrows)
in the (g;(p,q),p1(p,q)) plane and the caricature of the corresponding

1 Product 1 7~ A

N « \3
s 7N\
g4 2= /' :
Ty ) 4 2
Reactant 4,(p.q) Reactant Product

Figure 4. A schematic portrait of the stable and unstable invariant manifolds and the phase-
space flows on (g (p,q),p:(p, q))-
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Figure 5. The distributions of the recrossing trajectories over configurational surface S(g; = 0)
at time ¢ = 0 on the phase-space planes (pi"(p,q),¢™"(p,q)) at E = 0.5¢, where most modes are
strongly chaotic—except g, (p, q). (a) First and (b) second orders: The circle and triangle symbols
denote the system trajectories having negative and positive incident momenta p;(z = 0) on the
S(g1 = 0), and the open and filled symbols denote those whose final states were predicted correctly
and falsely by Eq. (11), respectively [45].

trajectories on the potential energy surfaces. Eq. (11) tells us that if one divides
the phase space into four domains using the stable and unstable invariant
manifolds to and from the unstable fixed point g; = p; = 0, all the system
trajectories classified at any time (e.g., = 0), into the domains 1 and 2 should
eventually go into the product state, and those classified into the domains 3 and 4
go into the reactant state. While the former and latter domains could be regarded,
respectively, as “‘reactive” and ‘“‘nonreactive” in elucidating the fate of reactions
after the system leaves S(g; = 0), all the system trajectories classified in do-
main 2 or domain 4 never cross through the phase-space dividing hypersurface
S(g1(p,q) = 0); that is, these trajectories do not correspond to reactions.

Up to moderately high energy (~179%) of the activation barrier for reactant
— product in the Arg isomerization reaction, the fates of most trajectories can
be predicted more accurately by Eq. (11) as the order of perturbation calculation
increases, except just in the vicinity of the (approximate) stable invariant
manifolds (e.g., see Fig. 5), and that the transmission coefficient k observed in
the configurational space can also be reproduced by the dynamical propensity
rule without any elaborate trajectory calculation (see Fig. 6). Our findings
indicate that almost all observed deviations from unity of the conventional
transmission coefficient kK may be due to the choice of the reaction coordinate
whenever the k arises from the recrossings, and most transitions in chemical
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Figure 6. The transmission coefficients across the conventional dividing surface S(g; = 0), «,
at E = 0.1,0.5, and 1.0¢ above the saddle point energy. The activation barrier height is about 0.633¢.
The fates of the reactions were estimated both by Eq. (11) and by direct molecular dynamics (MD)
simulations: if the system falls outside/inside a sensitive band defined vertical to the (approximate)
stable invariant manifolds on the (p,,g,) plane, we estimated the final state by use of Eq. (11)/direct
MD simulations. In the figure, the sensitive band is set for each order by changing the size of the
band from 0 to a number so large that the estimated k’s converge to those evaluated by the full MD
estimation. Here, the abscissa gives the ratio of the number of those whose fates were estimated
correctly by MD calculations to the total number of trajectories; that is, 0% implies that the fates of
all the reactions were estimated solely by Eq. (11). The ratios of the trajectory calculations in
evaluating k to yield the convergence to the exact values are 2.4%(1), 0.6%(2) at 0.1g; 12.1%(1),
7.1%(2) at 0.5¢; and 69.2%(1), 37.5%(2) at 1.0¢. (The numbers in the parentheses are the orders of
the perturbative calculations we performed.) [Reprinted with permission from Ref. 45. Copyright
© 2002, American Chemical Society.]

reactions must not take place in fully stochastic fashion but in some predictable,
dynamical fashion.

Then, how can one “capture’ the global aspects of the phase-space geometry
from the geometric structure of the phase space in that local region? One can
find an essential clue from an insightful classical theory for isomerization
reactions composed of two DOFs, so-called reactive island theory (RIT)
developed by De Leon, Marston, Mehta, and Ozorio De Almeida [34-37] (see
also Ref. 55).

Let us begin with the following system with two DOFs, which we shall
henceforth call a 2-DOFs system, in this case with a Hamiltonian for a double-
well potential:

H=1p}+p}) - @+t + & (12)
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Figure 7. The two Poincaré sections. (a) E; and (b) E; at a total energy E for an uncoupled
bound two-mode system, Eq. (12). The region where g, > g' is referred as to region A, and that
where ¢; < ¢ as region B hereinafter. W, (E) (W5 (E)) denotes unstable (stable) invariant cylinder
manifold asymptotically departing from (approaching toward) the unstable periodic orbit at the fixed
point g; = p; = 0 to (from) the region A at total energy E. Q% (E) and Q7 (E) denote, respectively,
the invariant cylinder manifold on which all “reactive” rotational motions, both A — B and A «— B,
lie with a constant action J2 in the g, mode, and that on which librational motions lie inside region
A. [Reprinted with permission from N. De Leon, M. A. Mehta, and R. Q. Topper, J. Chem. Phys. 94,
8310 (1991), Copyright © 1991, American Institute of Physics.]

where there is no coupling between reactive DOF (p;,¢q;) and the other bath

DOFs (p2, g2). Now, consider the following two Poincaré sections E;z and Z;.

E;; ={(p.9)lq2 = 6137172 > 0} (13)
E; ={(p, Qg1 = CI?(> q' =0),p1 > 0} (14)

Here, ¢' is the position of the saddle point in ¢;, and q" and ¢3 are some fixed
values of ¢g; and ¢, respectively. The geometrical structure of the stable and
unstable invariant manifolds W (E) and W} (E) is the direct product of the one-
dimensional circular space 5115 composed of ¢ and p, on the three-dimensional
equienergy hypersurface embedded in the phase space R* and the linear space R!
associated with the unbound, reactive degree of freedom g;—that is, two-
dimensional cylindrical topology. As interpreted from Fig. 7, all the ‘“‘reactive”
crossing trajectories occur through the interior of the cylinder whose boundary
consists of the stable and unstable invariant manifolds W, (E) and W, (E). (Note
that the system is bounded by an equienergy hypersurface in the phase space at
total energy E.) If the system resides on the boundary of the cylinder, it never
crosses the saddle although it approaches asymptotically to the unstable periodic
orbit at the unstable fixed point, referred as to T(E) hereinafter, in the infinite
future or past. If and only if the system resides interior of the cylinder, can it
cross through the saddle.
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Figure 8. The two Poincaré sections. (a) Zq*z and (b) Z; at a total energy E same as Fig. 7
except the two modes are coupled. Note that W, (E) and W, (E) partially overlap on X7,
corresponding to the appearance of homoclinic tangle on E*z. [Reprinted with permission from N.
De Leon, M. A. Mehta, and R. Q. Topper, J. Chem. Phys. 94, 8310 (1991). Copyright © 1991,
American Institute of Physics.]

However, we lose the concept of reaction itself for systems being integrable
because all the “reactive” trajectories eternally rotate between regions A and B
and can never be “‘captured” by either A or B. Figure 8 shows the corresponding
Poincaré section structures when the two modes are weakly coupled each other.
Under the perturbation, it is well known that the unstable and stable invariant
manifolds W} (E) and W, (E) in the phase space no longer connect smoothly,
but generically intersect each other with a finite angle on Z;z, resulting in a
tangled structure due to the infinite number of the intersections between W (E)
and W, (E) at homoclinic points on that surface of section [47]. (This
intersection occurring between one-dimensional “curves’ arising from the rwo-
dimensional invariant cylinders W, (E) and W, (E) on the mwo-dimensional
Poincaré section Z;rz is generically zero-dimensional (i.e., point) and referred to
as homoclinic point, because it connects outgoing and incoming ‘“‘curves” of the
topologically same hyperbolic, unstable fixed point.) As W, (E) and Wj (E)
extend away from the unstable periodic orbit at the unstable fixed point, their
initial intersections across the E;; may give rise to an overlap between them on
that section. Note that W, (E) and W, (E) never overlap themselves, and the
areas closed by them on E; are conserved as the same because each reaches the
same unstable periodic orbit in the infinite past and future.

Invariant tori %, (E) and Q42 (E) may exist in the phase space, resulting in
librational motions within the potential well and rotational motions across the
saddle, respectively, although their measure of the phase space should depend
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on both the strength of nonlinear coupling among modes and total energy E.
The invariant cylinder manifolds W, (E) and W (E) wander about in a sea of
chaos (between these invariant tori) in an indefinite complicated fashion.
However, the manner in which the cylinders overlap one another in the phase
space mediates the reactions: All the reactive trajectories from A to B are
mediated through the interior of the cylinder, the so-called reactive island (R1),
bounded by the stable invariant manifold W, (E) from the unstable periodic
orbit at the unstable fixed point, T(E). Similarly, all the back reactions from B to A
are mediated through the inferior of the RI bounded by the unstable invariant
manifold Wy (E).

A very insightful picture is shown in Fig. 9 of the RIs at a Poincaré surface of
section with the corresponding “‘semi-global” dynamics in region A. In the
figure, I} and II, represent the regions that contain the set of all points (p1, ¢2)
on the Z;r] within the RIs bounded by W, and W, respectively. (Hereinafter,
for the sake of simplicity, we omit any notation of their E dependence, although
they all depend on total energy E.) The overlap ‘“‘hatched” region is denoted by

P,
A

H LN\
q, ;
‘&
G E

Figure 9. Schematic picture of the reactive island structure on E;rl and the corresponding
dynamics in the reaction coordinate g;. See text for detail discussions. [Reprinted with permission
from A. M. Ozorio de Almeida, N. De Leon, M. A. Mehta, and C. C. Marston, Physica D 46, 265
(1990). Copyright © 1990, Elsevier Science Publishers, North-Holland.]
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IIo(=IIf N1I,). The consequent semi-global dynamics belonging to each
region on the Poincaré section E; composed of overlapped two Rls can be well
interpreted as follows:

A: All B — A trajectories (passing from B to A) which will be “captured”
in A (~ at least more than one oscillation in g;) must go through the
interior of 1T} — Il4.

B: All B — A trajectories which will go back to B immediately (~ in one
oscillation in g;) must go through the interior of II,.

C: All A — B trajectories which had temporarily been “captured” in A (~ at
least more than one oscillation in g;) must go through the interior of
I, — 4.

D: All A — B trajectories which were originally initiated from the unstable
periodic orbit T(E) as r — —oo without returning to A must lie along the
part of the boundary of II} within the interior of II,.

E: All trajectories which had temporarily been “‘captured” in A (~ at least
more than one oscillation in ¢;) and will be asymptotic to t(E) without
visiting B must lie along the part of the boundary of I, exterior to II}.

F: Homoclinic trajectories asymptotic to T(E) as r — +oo lie on the
intersection of the boundary of II} and II,.

G: B — A trajectories which will be asymptotic to t(E) as t — oo without
returning to B must lie along the part of the boundary of II, within the
interior of II}.

H: All trajectories which will be “captured” in A (~ at least more than one
oscillation in g;) which were initiated from t(E) as t — —oo without
visiting B must lie along the part of the boundary of II} exterior to II,.

I: All trajectories temporarily captured in A that are neither pre-, post-
reactive to B nor asymptotic to t(E) must lie in a region exterior to both
II} and II,, I5(=II; UII,) (of course, it is possible for the system
belonging to /4 to enter the interior of II, and go through to B).

The stable and unstable invariant cylinders intersect this section infinitely
often, preserving each area bounded by the closed curve of W, and W,
although it will become indefinitely deformed due to their homoclinic tangles.
However, one of the most striking consequences deduced from the analyses of
the initial intersection of the invariant cylinder manifolds at a certain Poincaré
section defined in region A is this: If and only if the system lies in the interior of
IT, —IIa, the system can climb through from A to B whenever wandering in the
region of A for at least more than one oscillation in ¢.

Figure 10 shows a representative trajectory passing through the two Poincaré
sections X5 and Xp defined in both the regions of A and B, where Y5 = EX
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.

1,

Figure 10. A representative reactive trajectory intersecting two Poincaré sections ¥4 and Xp
defined in both the regions of A and B through the reactive island at g; = 0. Note that the passing
through the interior of II, — 15 will never occur in that direct back reaction on ¥} after passing
through the interior of II, although it is depicted so for the sake of simplicity. [Reprinted with
permission from A. M. Ozorio de Almeida, N. De Leon, M. A. Mehta, and C. C. Marston, Physica D
46, 265 (1990). Copyright © 1990, Elsevier Science Publishers, North-Holland.]

[Eq. (14)] and g = {(p,q)|q1 = ¢?(< ¢! = 0),p1 < 0}. Note here that Wy
may intersect with W or Wy, but it never does with Wy and Wy itself, and all
the reactions will occur through the interior of the invariant cylinders. By
assuming that successive intersections of the reactive islands will eventually
cover both surfaces of section (faster than a characteristic time scale of the
reaction), a simple first-order kinetics can be formulated, taking into account the
direct back reaction (recrossing motion within one oscillation in g):

¥
Com L, L, a1 (15)
A
where I, and I are the regions exterior to II, and I, respectively, and each rate
constant a, B, v is, respectively,
_ Area(Il, —1Ia)

xA = Area(Iy)

_Area(IlIy —1I,)
AT Area(IT))
Area(Iln)

YA = e =
Area(II})

(16)

(17)

1—Ba (18)

Similar equations hold for ag, By, and yg.
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Then, the population kinetics can be written with respect to the ‘“mapping
time” n;

)
Ig(n) =(1—ap)lg(n—1)+ Bl (n—1)

The population of A can be obtained as Na(n) =I,(n) +1I(n) and the
asymptotic (exponential) decay rate of Nu(n), kR, is given by

KRE = —In |\ (19)

Here M™ is the eigenvalue with the largest norm, which can be obtained by
diagonalization of the above discretized master equation (the corresponding,
continuous master equation formulation with respect to the real time domain can
be found in Ref. 36).

De Almeida et al. [34] applied the RIT to the following 2-DOFs
Hamiltonian:

1
H = E(p? +p3) +44} (g} — 1) exp(—zhg2) + D[1 — exp(—rg)]>  (20)

where p = 8.0, z = 2.3, A = 1.95, and D = 10.0. The point g; = 0 corresponds
to the saddle point, and the potential energy surface is symmetric with respect to
the reaction coordinate ¢;. Figure 11 shows the RI structure on ¥} at three
distinct energies above the saddle point energy. Note that, as the total energy
becomes higher above the barrier, the system undergoes more direct back
reactions (the area of the overlap region between II; and II,, increases) and the
population of A becomes more ““oscillatory” in converging to an equilibrium
value. On the other hand, at a total energy just slightly above the barrier, there
exists no overlap region between the first intersections of the cylinder manifolds
bounded by W/ and W, resulting in no direct back reaction occurring in one
oscillation in ¢; as Fig. 12A — Fig. 12B.

These observations coincide with our naive intuition that we have had no
means to quantify so far; that is, the closer is the total energy to the energy
barrier, the more difficult it becomes for the system that had passed through the
saddle to go back to the original state due to the “dissipation” of the energy
accumulated for climbing in the reactive DOF (p1,q;) to the “bath.” This
indicates that there exists one possible diagnosis to address the question, ‘“What
is the condition that enables us to assume local equilibrium in the reactants, in



160 TAMIKI KOMATSUZAKI AND R. STEPHEN BERRY

8.16 1.00
Numerical
Simulation
Il -—-R
A 0754y e PR
Na(n)
P2 0.00
N Y
050 N
|
-8.16 A A 0.25
—0.31 0.43 0. 1. 2. 3. 4 5 6 7. 8 9 10
Az n
5.66 1.0
——— Numerical
0.9 Simulation
-—-RI
o84}y L PR
Na(n
P2 0.00 aln) o,
N
0.6
I 051 N
-5.66 A 0.4 B
-0.26 0.24 0. 1. 2. 8 4 5 6 7 8 9 10
2 n
4.66 1.0
Numerical
0.9 Simulation
0.8
P2 0.00 0.7
0.6
05
—4.66 0.4
-0.22 0. 2. 4. 6. 8. 10. 12. 14. 16. 18. 20.

n

Figure 11. Reactive island structures on the Poincaré section ¥4 at ¢% = 1/ V/2 and the kinetic
data for the symmetrical Hamiltonian in Eq. (20) at an excess energy of AE = 3.0 (upper),
AE = 1.0 (middle), and AE = 0.2 (bottom). (A) The reactive island structure. (B) The population
decay results of A using three different methods: trajectory calculation by preparing 4000 points
uniformly distributed above the barrier and mapping them numerically (bold line), RIT (dashed
line), and “purely random” (PR) model that does not explicitly take into account direct back
reaction—that is, ignoring the overlap region of the direct back route (dotted line). At AE = 0.2,
III} and III; denote the next intersections of IIf and Iy, respectively. Il (II}) denotes the
overlap region between II, and III} (II{ and III}), resulting from the next intersection of III,, and
IV/, denotes the overlap region between III3 and 111 . I, and IV/, yields two and three oscillations
in g prior to return to B after crossing the saddle from B to A. [Reprinted with permission from
A. M. Ozorio de Almeida, N. De Leon, M. A. Mehta, and C. C. Marston, Physica D 46, 265 (1990).
Copyright © 1990, Elsevier Science Publishers, North-Holland.]
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Figure 12. Caricatures of the cylinders as they wind about the phase space volume. All the
surfaces and volumes are embedded in four-dimensional phase space R*. (A) The cylinders Wi and
W5 overlap one another at ¥}, resulting in direct back reactions. (B) These two cylinders do not
overlap one another. [Reprinted with permission from N. De Leon, J. Chem. Phys. 96, 285 (1992).
Copyright © 1992, American Institute of Physics.]

terms of the topological character of the reactive islands on the Poincaré surface
of section defined in the reactant domain?”’

If the coupling between the two modes is sufficiently strong, W' and W~
will be discontinuous on the Euclidean mapping plane E;, because they can
wander away from the mapping plane before intersecting it again [34]. This
implies that the turnstile transition state developed by Davis and Gray in terms
of surface of section 23'2 for a 2-DOFs reacting system may be very difficult to
apply, in practise, for strongly coupled, 2-DOFs systems. On the other hand, the
RIT usually requires only the first few intersections of W' and W~ from
the unstable periodic orbit T(E) at the Poincaré section “perpendicular to” the
reaction coordinate. These intersections will give rise to discontinuous island
structures, and hence RIT may be more applicable, in practice, at least for a
general class of systems with 2 DOFs.

Why has this elegant reaction theory not been applied to general reactive
systems with many DOFs? It was because their algorithm depends crucially on
finding pure unstable periodic orbits in the nonreactive degrees of freedom. As
pointed out previously [44], it is always possible to find this regulatory object in
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Pi(p.q) P.(p.q) Pu(p.q)

Figure 13. The phase-space portrait of N-DOF saddle Hamiltonian.

any 2-DOFs system irrespective of the kind of system and the value of total
energy the system possesses, because there is no source to yield resonance by a
single imaginary-frequency mode and a single real-frequency mode. Systems of
many DOFs are no longer integrable in the saddles except at energies just
slightly above the threshold energy because of resonances amongst the
nonreactive modes that spoil any unstable, regular, periodic orbits.

Readers may easily notice that the application of Lie transforms to the
vicinity of the first rank saddles [49] has a great potential for revisiting this
classic theory that enables us to capture the semi-global, multidimensional
substructure in a sea of chaos. Figure 13 shows the phase space portrait of an N
degrees of freedom (N-DOFs) Hamiltonian in the region of the first-rank saddles
at the quasi-regular regime where almost of all actions behave as approximate
invariants. In this energy regime, the geometric structure of the stable and
unstable invariant manifolds W, and W} is the direct product of the (2N — 2)-
dimensional spherical space S?¥~2 composed of the (N — 1)-uncoupled bath
modes (Px(p,q),gx(p,q)) (I < k < N) and the interval R' associated with the
unbound, reactive DOF. As discussed by Uzer et al. [54], this leads to (2N — 2)-
dimensional, stable and unstable, invariant spherical cylinder manifolds
S%N 3 x R' on the (2N — 1)-dimensional equienergy hypersurface at total
energy E in the 2N-dimensional phase space R

The trajectories inside these spherical cylinders look like “regular flows,”
and their projections onto a two-dimensional space spanned by any two bath
modes gx(p, q) result in a Lissajous figure as depicted in Fig. 2.6a in Ref. 44. As
the total energy increases, the bath DOFs no longer retain their invariants of
action and they become coupled with one another. However, as shown
previously [38-45] as far as belonging to the semi-chaotic energy regime, the
reactive DOF g;(p, q) can be well uncoupled from all the other chaotic, bath
DOF. Here, one might regard W, (E) and W, (E) as (2N — 2)-dimensional,
stable and unstable, invariant “deformed” spherical cylinders on the equienergy
hypersurface. The trajectories inside these ‘“deformed’ spherical cylinders look
like ‘“‘chaotic flows,” and their projections onto a two-dimensional space
spanned by any two bath modes gx(p,q) result in a chaotic dynamics as
depicted in Fig. 2.6b in Ref. 44.

3
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Recently, Wiggins et al. [15] provided a firm mathematical foundation of
the robust persistence of the invariant of motion associated with the phase-space
reaction coordinate in a sea of chaos. The central component in RIT that is,
unstable periodic orbits, are naturally generalized in many DOFs systems
in terms of so-called normally hyperbolic invariant manifold (NHIM). The
fundamental theorem on NHIMs, denoted here by .#, ensures [21,53] that
NHIMs, if they exist, survive under arbitrary perturbation with the property that
the stretching and contraction rates under the linearized dynamics transverse to
/ dominate those tangent to .#. Note that NHIM only requires that instability
in either a forward or backward direction in time transverse to .# is much
stronger than those tangential directions of .#, and hence the concept of NHIM
can be applied to any class of continuous dynamical systems. In the case of the
vicinity of saddles for Hamiltonian problems with many DOFs, the NHIM is
expressed by a set of all (p,q) satisfying both g, =p; =0 and
H()(jB) + Zn:l €an (jB, ®B) = E, that iS,

M= {(617p17' . 7@N7ﬁN)|QI(pvq) :ﬁl(p>q) = 07
Ho(Jp) + Z€"Hn(jsa ®p) = E} (21)

n=1

with (2N — 3) dimensionality on the (2N — 1)-dimensional equienergy hyper-
surface. One of the big differences between the unstable regular periodic orbits
RIT requires and NHIM is that the motions inside the NHIM can even be chaotic
(although a straightforward extension of the concept of unstable periodic orbits
to n degrees of freedom systems should possess n unstable, regular, periodic
orbits), and the NHIMs retain their invariance robustly against perturbation with
the stable and unstable invariant manifolds. So, at a wide range of energies above
the barrier, the RIT can be generalized and applied, in principle, to a wide class
of chemical reaction systems with many DOFs; if one brings about the backward
calculations (to the reactant domain) initiated from the interior of the phase space
bounded by the NHIM at the saddle, one may reveal what kinds of initial
conditions one must prepare to obtain fast transitions from the reactant to the
product.

IV. KRAMERS-GROTE-HYNES THEORY REVISITED

Two approaches to overcome the recrossing problem have been variational TST
[8,10,61], which optimizes a configurational dividing surface by minimizing the
number of recrossings, or by (generalized) Langevin formalism of Kramers [6]
and Grote and Hynes [11], which regards the recrossings as arising from
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“(molecular) friction” by the ‘“bath”” DOFs. Zwanzig [62] proved that the
following class of Hamiltonians, that is,
Ciq1 g
;—— 22
<QB m@?) ] 22

can be reformulated by a generalized Langevin formalism,

| mod
2m,~ 2

2

P
H(p,q) = i+ Vig) +>
i=1

.. oV ! .o N 74!
it =~ 50— | ()= 0 + R0 (23)
(R(O)R(1)) = ksT¢(1) (24)
where, for example
=3 mc; cos ot (25)

i

Here, q1,p; are the “system” coordinate and momentum; and gg;, pp; are the
ith “bath” variables with mass m; and frequency ;. ¢; is the coupling constant
of the ith ““bath” oscillator with the “system.” L is the mass of the “system”
and kp Boltzmann constant, and the average () is over the “thermal bath” at
temperature 7.

van der Zwan and Hynes [63] and later Pollak [64] showed that the reaction
rate of the Grote—Hynes formulation with the reaction coordinate g; is exactly
equivalent to that of the transition state theory if the reaction coordinate
is chosen as an unstable normal coordinate g; composed of the total system
(= “system ¢q,” + “bath q3”") (see also Fig. 14).

However, their arguments have been often criticized because of the
simplicity of its Hamiltonian class (it’s integrable!). Our recent findings suggest
that nevertheless their equivalence arguments may be made much more general
and applicable to a wider range of Hamiltonian classes, even when the system is
almost chaotic. This stimulates us to reconsider a fundamental question of what
constitutes the “‘thermal bath” for reacting systems. One may anticipate that
reactions take place along a ballistic path composed of the roral system in the
thermal fluctuation, at least, in the region of saddles. The ‘“thermal bath” for
reactions, simply defined thus far as all the rest of the atoms or molecules except
the reacting system, does not necessarily retard the reactive trajectories; rather,
such a ““bath” might control and assist the reactants to climb and go through the
saddles. In the context of protein folding, Plotkin and Wolynes [65] addressed
how the inclusion of the other degrees of freedom into the reaction coordinate is
essential for obtaining the optimal dividing surface for protein folding. Still, the
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a naive ;i'S, S(g,=0)

Figure 14. A schematic picture of how a reactive recrossing trajectory passing through a naive
TS, S(g1 = 0), on a double-well Hamiltonian, Eq. (21), is rotated away to a single crossing through a
real TS, S(g,(q1,4q5) = 0). The open circle denotes the point where the trajectory crosses the real TS
only once.

questions, ‘“What is the dynamical role of water molecules surrounding
the protein system?”’ [66,67] and ‘“What should be regarded as the system and
the thermal bath during the dynamical evolution of structural transitions?” have
been nontrivial, open subjects in many disciplinary fields in sciences.

V. STOCHASTICITY OF SADDLE CROSSINGS

The classical canonical perturbation calculation at the region of a saddle provides
us with interesting local information of the original system at a finite low order
up to which the series of the transformation are expected to be less affected by
the ultimate divergence arising from the characteristics of the whole phase space.
The local region in which the invariants of motion persist at least along the
reaction coordinate should cover an entire saddle region that the system explores
prior to being ‘“‘captured” in either reactant or product state, in order to predict
the termini of the trajectories. In other terms, energy regimes in which all or most
of all the recrossing events occur within such a locality can be classified into
quasi-regular, or semi-chaotic regimes. The more the total energy increases, the
more the broadening of the excursion regime competes with the shrinkage of the
“convergence radius” in which an approximate invariant of the action exists at
least for the phase-space reaction coordinate. It is expected that, in an extremely
high-energy regime, most recrossing events would take place outside of the
“region of invariance’” and the saddle crossing motions are entirely stochastic in
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nature, irrespective of any choice of reaction coordinate, and dynamical
correlation between outgoing and incoming trajectories to and from the saddle
is completely lost. Such an energy regime may be regarded as stochastic (= fully
developed chaotic) regime [38]. However, there is no mathematical framework
yet that shows how the breakup of the normal hyperbolicity for the NHIMs
affects the crossing trajectories over the region of the saddles. Komatsuzaki and
Berry found [42,43] that the approximant of the NHIM at a finite order implies
that a reacting system be substantially trapped as the total energy of the system
increases from the ‘“‘semi-chaotic” regime. It may lead a conjecture that a
“vague NHIM” makes a reacting system increasingly trapped as vague tori do
[68,69]. A new mathematical foundation is apparently required to inquire further
into the question. Note, in addition, that, especially at high energies, the system
may also pass over higher-rank saddles, and we encounter many new, untouched
subjects—for example, definability of transition state and the role of resonance in
the imaginary w-plane for the bifurcation.

VI. CONCLUDING REMARKS AND FUTURE PROSPECTS

The robust existence of a skeleton composed of a NHIM and its spherical
invariant cylinders in the phase space should play their essential roles not only to
help us understand the physical origin of observed nonstatistical, dynamical
behavior but also to provide us with a new scope to control chemical reaction
dynamics in terms of geometrical feature of the phase space. Here, let us
articulate some of the subjects we have to confront in the immediate future:

1. It is ensured that the NHIMs, .#, if they exist, survive under arbitrary
perturbation to maintain the property that the stretching and contraction
rates under the linearized dynamics transverse to .# dominate those
tangent to .#. In practice, we could compute the .# only approximately
with a finite-order perturbative calculation. Therefore, the robustness of
the NHIM against perturbation (referred as to structurally stable [21,53])
is expected to provide us with one of the most appropriate descriptions of
a “phase-space bottleneck” of reactions, if such an approximation of the
 due to a finite order of the perturbative calculation can be regarded as a
“perturbation.” One of the questions arising is, “How can the NHIMs
composed of a reacting system in solutions survive under the influence of
solvent molecules?”” (This is closely relevant to the subject of how the
“system” and “‘bath” should be identified in many-body systems.)

2. In two-mode [17] and three-mode [20] systems it was shown that
dynamical bottlenecks exist to intramolecular energy transfer; that is,
cantori are buried in the reactant basin, which form partial barriers
between irregular regions of phase space. This brought about multiply
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exponential decay on a wide range of time scales of the reaction.
There exists no general algorithm for locating arbitrary NHIMs, while the
stable and unstable manifolds of some of them may represent the
multidimensional generalization of the partial barrier associated with a
periodic orbit approximant to a cantorus [70]. An analysis of pairwise
local frequency ratios would be useful to search the intramolecular
bottlenecks, at least, for 3-mode systems [71-73]. However, it would be a
very difficult task to deal with higher-dimensional systems.

. One can visualize the NHIM and its stable and unstable invariant
manifolds by the projections of those objects onto the original space by
inverting all the transformed new coordinates and momenta into the
original ones in the quasi-regular region, in which all actions persist
approximately as the local invariants. However, although the motions
inside the NHIM and its invariant manifolds can be chaotic in the semi-
chaotic region, the inverse of (P, q) into the original (p, q) should become
rather problematic because of the divergence of most terms in the
generating functions. The partial normalization in which Lie transform
applies only to the reactive DOF is required to capture these abstract
invariant objects in the original coordinate space in the semi-chaotic
region.

. There exists no mathematically rigorous framework for describing the
mechanism of the breakup of NHIM. There exists only a conjecture that a
“vague NHIM” might act as a new bottleneck in the phase space transport
[42,43].

. The computer algorithm for Lie canonical transformation technique has
not been improved essentially after Dragt and Finn [74,75]. It would be
almost impossible to apply this beyond a few tens DOFs even to a fairly
low order by using modern computational facilities. In this regard, the
development of a means for coarse-graining multimode systems to a
reduced set of DOFs is quite a challenge for further applications to
rugged, multibasin dynamics [76].

. There are great potentialities to explore multibasin chemical reaction
theory based on the geometric structure of the phase space for multibasin
transitions: By identifying each first-rank (and higher-rank if necessary)
saddle linking the distinct energy minima (or lower-rank saddle), one can
apply a Lie transform to the regions in the vicinity of each fixed point and
extract the normally hyperbolic invariant manifolds (NHIM) and its stable
and unstable invariant manifolds from the state space. The intersection
phenomena between the stable cylinder approaching one NHIM
associated with one saddle and the unstable cylinder departing from
another NHIM with another saddle can tell us how a bundle of trajectories
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passing through different saddles are dynamically correlated. In the case
of gas-phase multibasin reactions, to elucidate the mechanism of the
intersection provides us with a clue to establish the control of sequential
chemical reactions. Consider a system of n DOFs. The NHIM is a
topologically (2n — 3)-dimensional (“deformed” in the semi-chaotic
regime) sphere, S%"’3, and the stable and unstable invariant manifolds are
the (2n — 2)-dimensional (‘‘deformed” in the semi-chaotic regime)
spherical cylinder topologies, S23 x R!, on the (2n — 1)-dimensional
equienergy hypersurface at total energy E in the phase space R>". The
dimensionality of an intersection manifold (if it exists for n > 2) is
2n — 3. It is expected that there would be strong dependency on the initial
condition “‘interior of NHIM™ to bring the system either to another NHIM
or back to the same NHIM. That is, to understand the skeleton of the
phase space composed of the cylinder invariant manifolds provides us
with not only a new insight to control the dynamical correlations but also
the rigorous reaction pathways of multibasin chemical reactions [77-79].

These are some of several challenging, but very fascinating, subjects for the
forthcoming future for two-basin chemical reactions.
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I. INTRODUCTION: WIGNER’S “THREE THREES”

The proper departure point for a discussion of the transition state (TS) are the
proceedings of the lively 67th General Discussion of the Faraday Society [1]. In
his admirable summary of this Discussion, given during the Spiers Memorial
Lecture of the 110th Faraday Discussion of 1998 [2], W. H. Miller recounts how
two distinct points of view emerged on rates of chemical reaction from the
discussions of the 67th meeting: Eyring’s thermodynamic picture and Wigner’s
dynamical perspective, which, in the decades between the 1930s and 1970s was
buried by the enormous numbers of applications of the thermodynamic
picture [3]. In his perceptive article [4], Wigner gave a clear outline of the
subject in terms of his “Three Threes” [2]. First there were the three steps in the
theory of kinetics: (1) constructing the potential energy surface, (2) calculating
the rates of elementary reactions, and (3) combining many elementary reactions
into a complex reaction mechanism. Next came the three groups of elementary
reactions, and finally there were the three assumptions of Transition State Theory
(TST): (1) no electronically nonadiabatic transitions, (2) validity of classical
mechanics for the nuclear motion, and (3) the existence of a dividing surface,
separating the reactants and products, that no classical trajectory passes through
more than once. Wigner noted that the failure of the last assumption will lead, in
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general, to values of the reaction rate that are too large. Wigner’s formulation
quickly leads to the recognition that the TS is actually a general property of all
dynamical systems, provided that they evolve from “reactants” to ‘‘products.”
The TS, therefore, is not confined to chemical reaction dynamics [2], but it also
controls rates in a multitude of interesting systems, including, for example, the
rearrangements of clusters [5], the ionization of atoms [6,7], conductance due to
ballistic electron transport through microjunctions [8], diffusion jumps in
solids [9], and statistical rates of asteroid capture [10]. With the reemergence of
Wigner’s dynamical approach to TST [4,11,12], the search for these no-
recrossing surfaces has been pursued vigorously, leading researchers to
dynamical systems theory [13,14] through the intermediate stages of variational
TST [15] and PODS [16,17]. Despite this effort, the no-recrossing rule has been
“more honored in its breach than its observance.” The formalism presented here
addresses this issue by constructing the dynamically correct higher-dimensional
geometrical structures in phase space that regulate transport between qualita-
tively different states (“‘reactants” and ‘““products’’). The salient features of this
new formulation are as follows:

e [t is a phase space rather than configuration space theory, so it can treat
Hamiltonian systems containing unconserved angular momenta like
Coriolis interactions which prevent the Hamiltonian from being written
as a sum of the kinetic and potential energies [6,18]. The resulting
hypersurfaces are dynamical in that they involve momenta as well as
coordinates.

e It is designed for multidimensional systems. This is a qualitative
difference from the existing formulations which attempt to extrapolate
to three or more degrees of freedom (DOF) geometrical methods that
work for systems with two DOFs.

e The TS it produces is locally a surface of no return.

e [t identifies impenetrable barriers [19] which, by acting as phase-space
““scissors’ [20], cut phase space into hypervolumes of initial conditions
that are destined to react and those which cannot.

e It is a “top-down” approach in providing explicit recipes for all these
geometrical structures, and it is presumably equivalent to the ‘“‘bottom-
up” approach of working through their manifestations in terms of
ensembles of trajectories [5].

Details of our approach, which is reviewed in Sections IV and V, can be
found in the original article [21]. Two of the most striking features of our
solution, namely the recrossing-free TS and the identification and construction
of the multidimensional separatrices, are illustrated in Figs. 1, 2, and 3.
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Configuration space (q,, d,, q,)

Figure 1. (The color version is available from the authors.) The trajectory of an electron
ionizing under the influence of crossed electric and magnetic fields [18,21]. The line passing through
the saddle point shows the projection of the conventional transition state, which is a vertical plane.
Of course the trajectory can cross this plane many times. We cannot display our true TS, which is a
complicated four-dimensional object, but we note that it is intersected only once, namely at the dot.
The right-hand panels show the same trajectory in the three normal-form coordinates (see Section F).

This account is organized as follows: After briefly reviewing the history of
TST, we present a pedagogical discussion of the geometry of the TS. This is
followed by the rigorous mathematical theory of the geometry of higher-
dimensional saddles and their associated separatrices in the context of the
theory of normally hyperbolic invariant manifolds (NHIMs) [22]. We begin by
showing that near an equilibrium point consisting of a reactive direction and
several nonreactive (‘‘bath’) directions (technically of the saddle ® center
® - -+ ® center stability type) the Hamiltonian can be transformed to a normal
form [13] from which the NHIM, its stable and unstable manifolds, and the TS
are straightforward to obtain analytically. Moreover, if the center (or bath)
vibrations are nonresonant, the normal form, truncated at any finite order, is
integrable. The theory leads to an algorithm for identifying the TS (and other
geometrical structures) analytically. Finally, we apply this formalism to the
isomerization of HCN. In this process we identify the center manifold as
the activated complex and demonstrate how it can be quantized to obtain the
quantized thresholds first discussed by Chatfield et al. [23] and subsequently
observed [24,25].
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Figure 2. (The color version is available from the authors.) Two-dimensional configuration-
space projection of the trajectory of the previous figure. The projection of the conventional TS in
configuration space is the vertical axis. The trajectory crosses it many times. Our new TS is
intersected only once, namely at the dot in the upper right-hand side of the ellipse.

=

Figure 3. (The color version is available from the authors.) Two electron trajectories, so close
in phase space that they appear as one, approach the ionization saddle [6] from the top right. After
some complex dynamics at the saddle point, one reacts (by crossing the TS at the dot in the upper
left-hand corner of the bundle) and goes off to the top left, and the nonreactive one returns to the
bottom right. We engineered this outcome by selecting their initial conditions on opposite sides of
the impenetrable phase-space barrier (one of the “scissors” [20]) between ionizing and nonionizing
hypervolumes.




176 CHARLES JAFFE ET AL.
II. BRIEF HISTORY OF TRANSITION STATE THEORY

The idea of the existence of a boundary between ‘‘reactants” and “‘products” can
be traced to the scientific memoirs of Marcelin published in 1915 [26]. It was not
until 1931 that this idea began to percolate into the thinking of the chemistry
community. In that year Eyring and Polanyi published their seminal article on the
calculation of the absolute reaction rate for the collinear H + H, reaction [27]. It
was in this article, which must be viewed as the origin of the modern theory of
chemical reactions, that the concept of a TS separating reactants from products is
first quantified. They defined it in terms of the morphology of the potential
energy surface.

The impact of this idea was immense. Six years later, the 67th General
Discussion of the Faraday Society addressed this subject under the guise of
Reaction Kinetics [1]. This Discussion, which has been alluded to above, set the
stage for the further development of these ideas and the general acceptance of
them by the chemistry community at large. By this point, two distinct
approaches to TST had developed. The first one, primarily due to Eyring [3,28],
was based in thermodynamics. Here the idea was to develop the quantities of
interest from a thermodynamic perspective and then to evaluate the
thermodynamic quantities in terms of simple molecular models. The second
approach, advocated by Wigner [4,11,12,29], was to calculate quantities of
interest directly from the dynamics. When properly implemented, both
approaches are expected to be equivalent.

In the decades following this Discussion, the majority of the progress made
in the development and application of TST followed the thermodynamic
path [30,31]. To a large extent, this was due to the nature of the difficulties
encountered when following the dynamical path. The first of these was the fact
that the technology needed to numerically investigate the dynamics simply did
not exist. Furthermore, the theory of dynamical systems, despite the efforts of
Poincaré [32], was still in a primitive state. In the early 1970s, when interest in
the classical mechanics was rekindled by the quest for quantum chaos [33,34],
attention was again focused upon the dynamical version of TST. The variational
TST together with the identification of the “periodic orbit dividing surfaces” or
PODS (both singular and plural) [16,17,35-37] were just the initial steps in this
reawakening of interest.

The central idea in the variational treatment of TST [15,38,39] is to consider
all possible dividing surfaces that partition coordinate space into two separate
regions, one associated with reactants and the other with products. One then
considers the flux across each of these surfaces and chooses the surface with the
minimum flux as the TS. The logic is as follows: We are interested in the rate at
which states cross the TS. If, during the course of a reaction, the trajectory of
each initial reactant state only crosses the TS once, then the rate of reaction can



A NEW LOOK AT THE TRANSITION STATE 177

be determined by simply counting the number of crossings of the TS—that is,
the flux across the TS. However, if there are recrossings of the TS, then simply
counting the number of crossings will overestimate the true rate.

Pechukas argued that there exists a set of periodic orbits whose projections
into coordinate space, which he calls PODS, are solutions to the variational
problem [35,36,40]. The projections of these orbits touch the equipotentials of
the potential energy at two different points. At each of these points the trajectory
is reflected and retraces its path in coordinate space. Pechukas recognized that
the principle of least action for such a periodic orbit implied that it was a
solution to the variational TS problem. Pechukas’ work is particularly
significant, despite shortcomings due to the formulation of the variational
principle in coordinate space, since it refocused attention on the dynamical
aspect of TST. The shortcomings of Pechukas’ approach are reflections of
problems with the formulation of variational principle. The most fundamental of
these is that the TS is defined in coordinate space and not in the state space, that
is, phase space. While this does not pose significant difficulties for systems
having just two DOFs, it has prevented the extension of Pechukas’ results to
higher-dimensional systems. Recently, Jaffé et al. [6,18] have shown how to
apply Pechukas’ approach to the ionization of hydrogen atom in crossed static
electric and magnetic fields. Due to the presence of the magnetic field, the
Hamiltonian of this system cannot be divided into the kinetic and potential
energy, and consequently it would appear that Pechukas’ formalism, which
requires the existence of a potential energy, will fail. However, Jaffé et al. [6,18]
show that in this case Pechukas’ approach works provided the dynamics are
projected into a different (two-dimensional) plane.

In the 1970s with the introduction of more sophisticated computer
technology, one of the primary difficulties facing the scientist wishing to
investigate the dynamics of realistic model systems vanished. It now became
possible not only to investigate numerically the dynamics of reactive systems,
but it also become possible to implement a number of important tools such as
Poincaré’s surface of section. This set the stage for the next development, that of
the advancement of the theory of dynamical systems. Many examples can be
cited. Of particular interest is the work of MacKay, Meiss, and Percival [41]
concerning the existence of cantori acting as space barriers in the vicinity of the
last surviving torus. Davis and co-workers applied these ideas to chemical
reactions [42—44]. Similarly, Tiyapan and Jaffé [45-47] demonstrated that in the
formation of complexes, the homoclinic tangle associated with the periodic
orbit defining the TS imposes an invariant fractal structure upon the energy shell
and that the asymptotic scaling laws of this fractal are related to the long time
behavior. Unfortunately, these, and many other efforts, rely heavily on
techniques only applicable to systems with two DOFs and consequently are
not readily extendable to systems with more DOFs.
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Despite these difficulties, significant progress was made. In particular, it was
observed that something remarkable happens to the dynamics near a saddle. No
matter how complicated the motion is leading up to the saddle, at the saddle it
becomes simpler only to become more complicated once more as the system
leaves the saddle region. The reason for this striking simplification has been
explained by Miller [48]: Simply put, at a saddle, the potential consists of
an inverted parabola in the reaction coordinate and ordinary parabolas in the
bath directions. Technically speaking, the frequency is imaginary in the
reactive direction and real in the bath directions, and since there cannot be a
resonance between imaginary and real frequencies, whatever couplings there
may be cannot be effective, thereby isolating the reactive direction from the
bath modes and, in simple cases, making the dynamics in the reaction direction
integrable [48-51].

The dynamics near the TS have been the subject of many theoretical [52—-66]
and experimental [24,25] investigations. The experiments of Lovejoy and
co-workers [24,25] see the TS via the photofragment excitation spectra for
unimolecular dissociation of excited ketene. They have shown that, in the
vicinity of the barrier, the reaction rate is controlled by the flux through
quantized thresholds. The observability of quantized thresholds in the TS was
first discussed by Chatfield et al. [23]. Marcus pointed out that this indicates that
the transverse vibrational quantum numbers might indeed be approximate
constants of the motion in the saddle region [60].

During the same period, Berry and co-workers were exploring the
non-uniformity of the dynamical properties of Hamiltonian systems represent-
ing atomic clusters with up to 13 atoms. In particular, they explored how regular
and chaotic behavior may vary locally with the topography of the potential
energy surfaces (PES) [53,54,57,58,61-63,65,66]. By analyzing local Lyapunov
functions and Kolmogorov entropies, they showed that when systems have just
enough energy to go through the TS, the system’s trajectories become
collimated and regularized through the TS regions, developing approximate
local invariants of the motion different from those in the potential well. This
happens even though the dynamics in the potential well is fully chaotic under
these conditions. They also showed that at higher energies above the threshold,
intermode mixing wipes out these approximate invariants of the motion even in
the region of the TS [5].

Recently, Komatsuzaki and co-workers have investigated regularity observed
in the vicinity of the TS in many-body systems [5,67-74]. They used Lie
transformations [75,76] together with microcanonical molecular dynamics
simulations of the region near a potential energy saddle point. They construct a
nonlinear transformation that ‘‘rotates away” the recrossings and irregular
behavior. Using the intramolecular proton transfer reaction in malon-
aldehyde [67,68] and the isomerization of a simple cluster of six argon
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atoms [69-73], they showed that this separation of the dynamical modes persists
up to energies well above the onset of chaos in the TS. In other words, they
observed that the action associated with the reaction coordinate remains an
approximate invariant of the motion throughout the region of the TS. Moreover,
they demonstrated that it is possible to choose a multidimensional phase-space
dividing surface satisfying the dynamical requirement of TST [69]. They
“visualized” the dividing surface in phase space by constructing the projections
onto smaller subspaces, revealing how the shape of the reaction bottleneck
depends on the energy of the system and the passage velocity through the TS
and how the complexity of the recrossings emerges over the saddle in the
configuration space [70,71]. Using this visualization, they further showed that
changing the energy of the dynamics results in the dividing surfaces
“migrating” just as the PODS do.

We have taken the opposite, top-down approach by asking what the
structures based on a simple rank-one saddle look like for a general
Hamiltonian. Indeed, in the early 1990s the Wiggins group [14,22] investigated
the geometry associated with certain types of stationary points in phase space.
They proved the existence of NHIMs in the vicinity of these stationary points.
With these results and with the technology of Lie—Deprit transforms [75,76],
we have been able to reformulate the definition of the TS in terms of the
geometrical objects that lie in the vicinity of the phase-space barrier or saddle.
A consequence of the phase space geometry in the vicinity of the stationary
point is that the Hamiltonian can be transformed into a known normal form. It is
this normal form that is responsible for the separation between the dynamics in
the reactive mode from those in the internal modes. This is reflected in the
equations of motion when they transformed into the normal-form variables.
There are classical trajectories that remain in the vicinity of the stationary point
for all time. These trajectories lie on a (2n — 2)-dimensional invariant manifold
called the center manifold. This manifold is of fundamental importance in the
phase-space formulation of TST because it corresponds to the activated
complex.

Moreover, the intersection of the center manifold with an energy shell yields
an NHIM. The NHIM, which is a (2n — 3)-dimensional hypersphere, is the
higher-dimensional analog of Pechukas’ PODS. Because this manifold is
normally hyperbolic, it will possess stable and unstable manifolds. These
manifolds are the (2n — 2)-dimensional analogs of the separatrices. The NHIM
is the edge of the TS, which is a (2n — 2)-dimensional hemisphere.

In the next two sections we will review the mathematical foundations of the
phase space formalism. This is followed in Section V by a discussion of how the
Hamiltonian is transformed into normal form; finally in the last section, in order
to illustrate these concepts, we quantize semiclassically the TS for the iso-
merization of HCN.
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III. SADDLES IN ENERGY LANDSCAPES

Our intuition in the study of reaction dynamics is largely based upon our
understanding of the “geography’ of simple two-dimensional potential energy
surfaces. While this basis has proven very useful, it also has produced a false
sense of security. The very simplicity of the geometry a two-dimensional
potential energy surface can lead one into difficulties that only arise in higher-
dimensional systems. Similar problems are encountered in 2-DOF systems. The
ionization of Rydberg atoms in the presence of external electromagnetic fields
provides an excellent example [6,18]. The complication that occurs is that in
the presence of the electromagnetic fields the Hamiltonian can no longer be
partitioned into the kinetic and potential energies. Consequently, it is not possible
to define the TS in terms of the morphology potential energy surfaces, but instead
must be defined in terms of the geometry of the total energy surface.

The difficulty is that we have trained ourselves to think of potential energy
surfaces defined on n-dimensional coordinate spaces. Instead we should be
thinking of the total energy defined on the 2n-dimensional phase space. The
method of analysis for the total energy is essentially the same as is used for
the potential energy surface. The first step is to identify the stationary points
(extrema) and their linear stabilities. Once these points are found and
characterized, the machinery of geometrical mechanics can be applied to
obtain the invariant manifolds and their stable and unstable manifolds
associated with the stationary points. Using these geometrical constructs, phase
space can be partitioned into reactive and nonreactive regions, and such
physically interesting properties as the rate of reaction or branching ratios can
be obtained from the geometry.

Finding and characterizing the stationary states of systems with more than
two DOFs is an unsolved problem. Isolated stationary points are the best known
of these manifolds. In systems with two DOFs, in addition to isolated stationary
points, it is also possible to find a closed loop of stationary points [77]. These
are associated with parabolic resonances. More complicated manifolds will
exist in systems having more than two DOFs. In the present discussion we will
focus on the consequences of the existence of isolated points of stationary flow
in phase space.

A. Phase Space Versus Coordinate Space

In the coordinate-space treatment of TST, certain assumptions must be made
concerning the nature of the Hamiltonian of the system. First, it must be assumed
that it can be partitioned into the sum of two terms, the kinetic and the potential
energy. Furthermore, one must also assume that the kinetic energy is positive
definite and is quadratic in the momenta. With these assumptions, then the point
of stationary flow in phase space and the saddle point of the potential energy
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coincide. That is, the conditions placed on the kinetic energy guarantee that the
momenta characterizing the point of stationary flow are equal to zero;
consequently, the coordinate space configuration of this point must be such
that the various forces are balanced. In other words, that it is extremum of the
potential energy.

A major difference between phase and coordinate space is that phase space is
a state space; that is, each point corresponds to a unique state of the system,
whereas a point in coordinate space determines only the physical configuration
of the system. Mathematical consequences of this seemingly small difference
are remarkable. First, the metric in phase space corresponds to a volume.
The physical interpretation of this volume as the number of states follows from
the fact that phase space is a state space. On the other hand, in the coordinate
space treatment, the metric provides us with a way of measuring the “‘distance”
between two physical configurations. This difference in the metric results in a
significant difference in the nature of the questions that can be addressed. In the
phase-space treatment we construct probabilities that certain events occur by
considering ratios of phase-space volumes. The rates at which these events
occur are readily obtained as fluxes across boundaries between phase-space
volumes. And in coordinate space one focuses primarily on the rate at which the
coordinate space configuration changes.

The coordinate space approach to TST encounters a number of significant
problems. The most serious of these concerns the definition of the TS. A
“rigorous” definition of the TS only exists for systems with two DOFs.
Efforts at extending this definition to systems with three or more DOFs have not
been successful. A similar difficulty occurs when the distinction between the
kinetic and potential energy is lost. Jaffé et al. [6,18] have shown that this
particular difficulty can be avoided by the judicious choice of a different
coordinate space. They argue that the TS must be defined in phase space and
that if this object is projected into the appropriate coordinate space, then the
coordinate space formalism can be applied. From this the origin of these
difficulties becomes apparent: The coordinate-space objects are shadows
(projections) of the phase-space objects. Seen from this point of view, it is
not surprising that difficulties are encountered when trying to extend the
coordinate space formalism to systems with more than two DOFs.

B. Stability

The analysis of the stability of isolated stationary points is different in the phase-
space treatment from that in the coordinate space treatment. In the coordinate
space treatment the slope of the potential energy surface gives the forces exerted
on the system. Stationary points occur at extrema of the potential energy. Their
stability is determined by the eigenvalues of the matrix of second derivatives
evaluated at the extremum. Assuming the system has n DOFs, it will possess n
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eigenvalues. The stability of the extremum is determined by the number of
eigenvalues greater than or less than zero. If all of the eigenvalues are positive,
then the extremum is a minimum and it is stable against all perturbations. In
contrast, when all of the eigenvalues are negative, then the extremum
corresponds to a maximum and all perturbations are unstable. Clearly, the
extremum can be characterized by the number of positive and negative
eigenvalues it possesses. If it possesses m negative eigenvalues, it is said to
be a rank-m saddle—that is, it is unstable in m DOFs and stable in the remaining
n — m DOFs.

In the analogous analysis in the phase-space treatment, one examines the
stability matrix

0g 0q H O°H
oq op ogop  ’p
N O
g op 0%q Oqp

evaluated at the point of stationary flow. The eigenvalues of this matrix occur in n
pairs of numbers being either real or imaginary. A pair of imaginary eigenvalues
corresponds to a stable DOF (elliptical), and a pair of real eigenvalues
corresponds to an unstable DOF (hyperbolic). When both treatments are both
valid, the eigenvalues of the coordinate treatment are equal to minus the square
of eigenvalues of the corresponding phase-space treatment (assuming mass
weighted coordinates).

The case when the eigenvalues are equal to zero is special and must be
treated separately. One is tempted to assume that such cases are rare. In fact
these cases occur when the manifolds of stationary flow are not isolated points.
The simplest of these cases give rise to parabolic resonances [77]; however, they
are beyond the scope of this review. These resonances have been observed in
some of the simplest reactive systems [78].

C. Energy Landscapes in Phase Space

In the coordinate space formulation, one investigates the geometry of the
potential energy surface, which is defined on the n-dimensional coordinate space.
On this surface the minima are called potential wells. In turn, each of these wells
are separated from each other by a rank-one saddle. The transport from one
potential well to the next must pass over the saddle that separates them. The rate
of a reaction is formulated in terms of the flux across the saddle. In systems with
more than two DOFs, higher rank saddles occur. These occur when the
boundaries of more than three or more potential wells coincide.
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In the phase-space treatment the situation is very similar. However, rather
than study the morphology of the potential energy surface, we must focus on the
total energy surface. The geometry of this surface, which is defined on phase
space instead of coordinate space, can also be characterized by its stationary
points and their stability. In this treatment, the rank-one saddles play a
fundamental result. They are, in essence, the traffic barriers in phase space. For
example, if two states approach such a point and one passes on one side and the
other passes on the other side, then one will be reactive and the other
nonreactive. Once the stationary points are identified, then the boundaries
between the reactive and nonreactive states can be constructed and the
dynamical structure of phase space has been determined. As in the case of
potential energy surfaces, saddles with rank greater than one occur, especially in
systems with high symmetry between outcomes, as in the dissociation of ozone.

In the next section we will review the mathematical foundations of the phase
space formalism.

IV. PHASE-SPACE STRUCTURE AROUND A SIMPLE
(RANK-ONE) SADDLE

In this section we will develop the phase-space structure for a broad class of n-
DOF Hamiltonian systems that are appropriate for the study of reaction
dynamics through a rank-one saddle. For this class of systems we will show
that on the energy surface there is always a higher-dimensional version of a
“saddle” (an NHIM [22]) with codimension one (i.e., with dimensionality one
less than the energy surface) stable and unstable manifolds. Within a region
bounded by the stable and unstable manifolds of the NHIM, we can construct the
TS, which is a dynamical surface of no return for the trajectories. Our approach is
algorithmic in nature in the sense that we provide a series of steps that can be
carried out to locate the NHIM, its stable and unstable manifolds, and the TS, as
well as describe all possible trajectories near it.

A. Justification of the n-Degree-of-Freedom Hamiltonian

Consider a Hamiltonian of the following form:

—_

n—
®;
H= _l(plz +q12) +7\'q}1pn +fl<qla"'7Qn717p17"'7pn717j)

i=1
+f2(qla"'a‘]nfl7pl7"'apn71)7
(qla"'7qn7p17"'7pn)€R2n (1)

Here ¥ = p,q, and f}, f, are at least of third order; that is, they are responsible
for the nonlinear terms, and f1(q1, - - ., gn—1,P1, - - - ,Pn—1,0) = 0. In the language
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of reaction dynamics, the coordinates (g, p,) are the reaction coordinates and
the remaining coordinates are referred to as the bath coordinates. The
corresponding Hamiltonian vector field is given by

oH %
T TP o ops
oH o1 o .
Pi=—=— idi — x T A i=1, ,n—1
0q; 0q;  0g; )
2
4n a ., qn af%
_.oes_ , o
Dn aQn Pn aﬂp"

Most realistic Hamiltonians with simple saddles do not appear in this form.
In what follows, we show how to transform such a Hamiltonian into this form
using Normal-Form theory [13]. The phase-space structures that form the
subject of this review will then be expressed in terms of the normal-form
coordinates (q1,...,qn,P1,---,Pn). Therefore, before analyzing Eq. (2) we
show that any Hamiltonian vector field in the neighborhood of an equilibrium
point of saddle ® center ® - - - ® center type can be transformed to the form of
Eq. (2).

B. Finding the “Apt” Coordinates Around a Saddle Using
a Normal Form

Finding a coordinate system that minimizes the coupling between the DOFs has
always been a natural aspiration in theoretical chemistry. The so-called reaction-
path formalism is just such a procedure, as is the use of Normal-Form theory [13],
which is our method of choice. Normal-Form theory gives us sufficient
conditions for a Hamiltonian to be transformed into the form of Eq. (1) in the
neighborhood of an equilibrium point of center ® - - - ® center ® saddle type.
This result is well known (see, e.g., Ref. 13). To summarize, first we perform a
Taylor expansion of the Hamiltonian [Eq. (1)]:

H=H,+H;+Hy+-- (3)

where H; is a homogeneous polynomial of degree k in g;-- - - - qn-p1----- Dn-
The quadratic part of the Hamiltonian, H>, is given by

n—1

;
H, = 27 (g7 +P}) + Mgnpn 4)
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We then transform the nonhyperbolic part of H, into complex coordinates:
z = q; + ipj, Zi=q;—ip;, j=1,...,n—1
In these coordinates H, becomes
n—1 o
i 2
H, = Z? |Zj‘ + 7"qnpn (5)
j=1
Moreover, Hy is made up of linear combinations of terms of the form

ki kn-1 knsl1 Lyt Uy
Z1”'nlqnzl'”nlpn (6)

where k;, ¢; >0and ky +---+k, + 0, +---+ ¢, =k.
The Poisson bracket between two scalar-valued functions, F and G, in these
variables is given by

n—1
OF0G 0F0G OF 0G OF 0G
F,G}=2i ———— —— 7
{ } ljzzl: <aZj aZj aZj aZj) aqn apn apn aCIn ( )
Now the map
ady, (1) ={-, Ha } (3)

is a linear map of the space of homogeneous polynomials of degree k into itself.
Normal-Form theory [13] tells us that the only terms that cannot be removed
from Eq. (3) at order k are those in the kernel of adg,(-). A simple calculation
shows that

ki kn—1 kn5l1 -1
ade<Z1 19 % "'anlpn)

n—1
= (i w;(kj = €;) + Ml — kn)>zlf' cenayg gy (9)

=
So we see that z'i‘ gl 7 {pﬁ" is an eigenvector for adg,(-) with
eigenvalue i) ", @;(k; — ;) + A(€, — k). Therefore terms of the form (6)
cannot be removed if

B
|

(k _£)+>\'(£n_kn) =0 (10)
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That we have arrived at the desired coordinate system in which ¢, and p, appear
only as a product of each other in the Hamiltonian follows immediately from
Eq. (10) since if that quantity is zero, then both the real and imaginary parts must
be zero. The real part being zero implies that k,, = ¢,,. Therefore, from Eq. (6),
the power on the ¢, and p, coordinates must be the same at any order. Note,
however, that this argument merely shows that such a coordinate system exists
which brings the Hamiltonian into the form of Eq. (1) order by order. Actually
computing this coordinate transformation, which would bring an arbitrary
Hamiltonian into the form of Eq. (1), is an additional technical problem that
needs to be solved on each problem at hand. Note also that this is a local result
valid in the neighborhood of the equilibrium point of center ® - - - ® center ®
saddle type. However, once the phase-space structure is established locally, it can
be continued numerically outside of the local region.

It is well known (see, e.g., Ref. 13) that the normal form transformations do
not converge in the sense that normalization to all orders generally does not
yield a meaningful result. However, this is of no consequence for our purposes.
We view the technique more as the input to a numerical method for realizing
the NHIM, its stable and unstable manifolds, and the TS. In this sense the
limitations of machine precision make normalization beyond a certain
finite order meaningless. This is a local result valid in the neighborhood of
the equilibrium point of center ® - - - ® center ® saddle type. However, once the
phase-space structure is established locally, it can be numerically continued
outside of the local region.

If the n — 1 frequencies ®; are nonresonant, then the truncated normal form
(at any order) is integrable. That is, the quantities J; = % (pl2 + qiz), i=
1,...,n—1, and # = p,q, are integrals of the truncated normal form, and
the Hamiltonian can be written as a function of these integrals. In these
coordinates the quantity df; /0. becomes a constant and the g,-p, component of
Hamilton’s equations becomes a simple, 2-DOF saddle. This implies that
actions remain constant while passing through the saddle region—a situation
that has been numerically observed in realistic examples [63,69].

C. Normally Hyperbolic Invariant Manifolds (NHIMs) and
Their Stable and Unstable Manifolds

In the 2-DOF case, it is well known that the motion in the direction transverse to
the reaction direction takes place on a periodic orbit, and this orbit forms the
boundary of the PODS [17]. Beyond 2 DOF, the periodic orbit does not have the
right dimensionality to be the boundary of the TS, and the NHIM takes its place.
Normal hyperbolicity means that, under the linearized dynamics, the growth and
decay rates of tangent vectors normal to the manifold (the “reaction’’) dominates
the growth and decay of tangent vectors tangent to the manifold. Hence, NHIMs
are higher-dimensional analogs of saddle points (‘‘saddle spheres”).
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The dynamics occurs on the (2n — 1)-dimensional energy surface given by

é)in ! {(qlv ~»6]naP17~-,Pn

Z 07 +a7)

+ }\'qnpn +fl(q]7"'7qn—17pla~--7pn—l;<¢)
+f2(q17"’761n717p1>"'7pn71)

:h:constant>0} (11)

When ¢, =p, =0 in Eq. (2), ¢, =p, =0. Therefore ¢, =p, =0 is a
(2n — 2)-dimensional invariant manifold for this problem. Its intersection with
the (2n — 1)-dimensional energy surface, denoted aﬂﬁ”*, is given by

%in_3 = {(6117”'7%71717”'717:1) qn = Pn :Oa

—1

n

0)4
Z?l (Plz +6112) +f2(Q17 ooy qdn—1,P1y - - - 7pn71)
i=1

= h = constant > O} (12)

This is also the Hamiltonian of the activated complex. We will encounter it in
Eq. (23) with the customary symbol H i Regardless of its stability properties or
the size of the nonlinearity, Eq. (12) is always an invariant manifold. However,
we are interested in the case when it is of the saddle type with stable and unstable
manifolds. If the physical Hamiltonian is of the form of Eq. (1), then a
preliminary, local transformation is not required. The manifold (12) is invariant
regardless of the size of the nonlinearity. Moreover, it is also of saddle type with
respect to stability in the transverse directions. This can be seen by examining
Eq. (1). On g, = p, = 0 the transverse directions, (i.e., ¢, and p,), are still of
saddle type (more precisely, they grow and decay exponentially).

Normally, hyperbolic invariant manifolds persist under perturbation [22]. If
we are in the setting where the form of Eq. (1) must first be obtained by
applying Normal Form theory, then we are restricted to a sufficiently small
neighborhood of the equilibrium point. In this case the nonlinear terms are
much smaller than the linear terms. Therefore, the sphere present in the linear
problem becomes a deformed sphere for the nonlinear problem and still has
(2n — 2)-dimensional stable and unstable manifolds in the (2n — 1)-dimensional
energy surface since normal hyperbolicity is preserved under perturbations.

In the g,-p, phase portrait the trajectories that go from p, > g, >0
(respectively p, < g, < 0) to g, > p, > 0 (respectively g, < p, < 0) are said to
be the trajectories that undergo reaction (see Fig. 4). [Keep in mind that for
nonlinear Hamiltonian systems this is a local picture valid near Eq. (12), that is,



188 CHARLES JAFFE ET AL.

Py

Figure 4. (The color version is available from the authors.) The projection of the reactive and
nonreactive trajectories into the g,-p, plane near g, = p, = 0.

gn = pn = 0.] These are the trajectories with ¢,p, > 0 in Fig. 4. We can see
from Fig. 4 that there are two types of reactive trajectories: those with
qns Pn > 0, which are referred to as the forward reactive trajectories, and those
with g,, p, < 0, which are referred to as the backward reactive trajectories.
Notice that the g, and p, components of a reactive trajectory cannot change sign
during their evolution. The trajectories with g,p, < O are referred to as
nonreactive trajectories.

A key advantage of the normal form is that the stable and unstable manifolds
of %%"_3 are known explicitly. These are the impenetrable barriers and act as
phase-space “‘scissors.” Their effect was illustrated in Fig. 3. They are given by

(ﬂzn 3) {(q17"'7qnap17“-7pn)

n—1

Qn:07

;
?l P, +CI, +f2(6117 s qn—1,P15- s Pn— 1)
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{(q17"'aqnapl7"'7pl’l) Pn :07

n
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;
?(pl +q1) +f2(q17”'7Qi1 1,015+ yPn— 1)
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= h = constant > O} (13)
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Hence, the stable and unstable manifolds of the sphere have the structure of
M3 @R,

In the language of dynamical systems theory, both the stable and unstable
cylinders have two “‘branches” corresponding to p, > 0 and p, < 0, related to
the forward and backward reactions.

The forward stable manifold of ,/%i”_‘3 is given through

qn:()apn>07

Wf(%in 3) {(qu---afIn»le-an)

n—1

(Dl
Z? pl +ql ‘|‘f2(qla---7fIn—1»P17---aPn—1)

i=1

= h = constant > O} (14)

The backward stable manifold of ,ﬂi”’3 is defined by

Wi(%i”3)={(ql,---,qmpn,~--7pn) an =0, pu <0,
n—1
(J)l
? pl +ql +f2(qla"'7qn LPly-sPn— 1)
i=1
= h = constant > O} (15)

The forward unstable manifold of .#;" > is

Wu(%%n 3) {(QI7"'7qn7p17-“apn) Qn>07pn:()7
n—1 oy
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The backward unstable manifold of .#}"~* is given by
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The stable and unstable manifolds of ./#7"~* are indeed the natural higher-
dimensional analogs of the 2-DOF ““cylinder manifolds” described in Ref. 79.

D. The Transition State

There is some latitude in defining the TS. We obtain it by setting g, = p,. On the
energy surface this gives

fﬁn72 - {(QI7~~-7QHap17"'>p”) 4n = Pn;

n—1

l

(O
Z?(plz +q12) + kpi +f1(6117~~ yqn—1,P1,5- - - apnflapi)
i=1

+ £(q1y -y Gna1,P1y - s Pn1) =h = constant} (18)

This (2n — 2)-dimensional surface is divided into two halves (p, > 0 and p,, < 0)
by p, = 0, which corresponds to the invariant manifold .# 2"73. If we are close to
the equilibrium point so that the nonlinearity is small, then the transition state is a
deformed (2n — 2)-dimensional sphere. It can be proven that (18) is locally a
surface of no return for the trajectories of Hamilton’s equations given in Eq. (2).
“Locally” it refers to a neighborhood of Eq. (18) such that trajectories starting
on Eq. (18) (except those starting on the (2n — 3)-dimensional invariant manifold
(12)) must leave before they can possibly re-intersect Eq. (18) because the
(2n — 2)-dimensional invariant manifold in the energy surface is defined by
qn = pn- If we examine Hamilton’s equations (2), we see that the vector field is
not tangent to Eq. (18). Moreover, the vector field is not zero on Eq. (18).
Therefore trajectories starting on Eq. (18) always leave Eq. (18). By continuity of
solutions with respect to initial conditions, they must leave a neighborhood of
Eq. (18) before possibly returning.

The (2n — 2)-dimensional W* (,ﬂﬁ”’3) and W* (/%i”*) bound a region in
the (2n — 1)-dimensional energy surface that is divided into two components
by the TS. All reacting trajectories start in one component, cross the TS, then
enter the other component. On a fixed energy surface with energy value
h = constant > 0, the reactant segments of the forward reactive trajectories are
contained in the region

n—1

CO.
0< ) =

) (P,2 +q,2) +f2(6]1a~--7‘];1—1aP17~--7Pn—1) < h; Pn > qn > 0

(19)
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and the reactant segments of the backward reactive trajectories are contained in
the region

O<Z P, +C], +f2(q17---aq”717p17~--7pn71)<h; pn<Qn<O
(20)

In Fig. 5 we illustrate a forward and backward reacting trajectory. Besides, in
Fig. 6 we illustrate just the reactant segment of the forward and backward
reacting trajectory shown in Fig. 5, whereas in Fig. 7 we illustrate the product
segments of the forward and backward reacting trajectory shown in Fig. 5.

Now consider a forward reacting trajectory (i.e., p, > 0, g, > 0). It follows,
by examining the ¢,—p, phase portrait in Fig. 5, that the p, component of the
trajectory decreases. It touches the line g, = p,, at which point it has reached
the TS as defined in Eq. 18. It then crosses the TS.

E. Searching for the Transition State and Other Phase-Space Structures

As mentioned above, we can obtain all these phase-space structures in explicit
form following these steps:

1. For a given Hamiltonian, find an equilibrium point for which the
linearization about the equilibrium point yields the form described in

Pn  Transition state, p. =q_

Figure 5. (The color version is available from the authors.) The projection of a forward and
backward reactive and nonreactive trajectories into the g,—p, plane.
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Pn  Transition state, p =q,

Figure 6. (The color version is available from the authors.) The projection of the reactant
segment of the forward and backward reactive trajectory shown in Fig. 5 into the g,—p, plane.

Pn  Transition state, p =q,

Figure 7. (The color version is available from the authors.) The projection of the product
segment of the forward and backward reactive trajectories shown in Fig. 5 into the g,—p, plane.
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Eq. (4). We have not yet developed the theory for saddles higher than
rank one.

2. Transform the Hamiltonian to the normal form described above up to
the desired degree of accuracy using a symbolic manipulator. The
Hamiltonian is now in a new coordinate system that we will call the
“normal form coordinates.”

3. Identify the TS [Eq. (18)] and the higher-dimensional analogs of the
stable and unstable manifolds that describe the reaction in the normal-
form coordinates.

4. These structures can be visualized in the original coordinates by operating
the normal-form transformations in reverse.

5. Integrals of flux across the TS can be computed in the normal-form
coordinates since the transformation between the original coordinates and
the normal-form coordinates is symplectic, hence volume preserving.

F. Flux Through the Transition State

The flux through the TS is important in reaction dynamics since the reaction rate
can be obtained by dividing this flux by the appropriate partition function [35].
Specifically, the classical canonical reaction rate is given by [80]

ka(T) = Q:(T) ' (2nh) ™" Jdp dqe P"PYF(p q)P(p,q) (21)

where (p, q) are the totality of the phase-space coordinates [i.e., q = (¢1,-- -, qn)
andp = (p1,...,ps)], and F(p, q) is the flux factor across TS—that is, the rate at
which trajectories cross the dividing surface [80], specified in our case by
s(p,q) = pu + ¢u- The term P;(p, q) selects the forward reactive trajectories. To
work on the energy surface, we rewrite the integral slightly to read

kcl(T) = Qr(T)il(znh)in JdE eiﬁEJdp dq S(H(pa q) - E)F(pa q)Pr(pv q)

(22)

where the inner integral is the flux of energy surface volume across the forward
TS. This flux through the TS turns out to be equal to the flux across its boundary
[81], which is the NHIM. In practical terms, this means that & function only
contributes when the Hamiltonian H is evaluated at .# = 0, namely when it
becomes the Hamiltonian [Eq. (12)] of the activated complex, H = h = constant.
If we use the symbol H+ for the Hamiltonian function of the activated complex,
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the partition function is
OH(r) = (n) ) [ ap' g H ) (23)

(where the primed quantities exclude the reaction coordinates p,, g,) and the
conventional TST result for the rate constant [35]

kT QNT)

ka(T) = (2nh) 0,(T)

(24)

is recovered.
V. NORMALIZATION BY LIE TRANSFORMATIONS

A. Lie Transformations

Briefly, the aim of Lie transformations in Hamiltonian theory is to generate a
symplectic (that is, canonical) change of variables depending on a small
parameter as the general solution of a Hamiltonian system of differential
equations. The method was first proposed by Deprit [75] (we follow the
presentation in Ref. 76) and can be stated as follows.

We start with an analytic Hamiltonian function depending on a small
parameter €:

where the Hamiltonians ;(x) are analytic functions in the variable x = (xp, ...,
Xns Xntls -+ -, X2n). Here x;, 1 <i<n represent the coordinates whereas x;,
n+ 1 <i < 2n, are their conjugate momenta. Hamiltonian 5 is transformed
into another Hamiltonian

Hlyie) = D = AHily) = D <A )
i=0 i=0

and y = (Y1, Yn,Ynt1s---,Y2m) (Where y;, 1 <i<n, refers to the trans-
formed coordinates and y;, n + 1 < i < 2n, refers to the transformed conjugate
momenta), through a generating function

[o¢) 8[

W (x;e) = z(;i—!"///iﬂ(x)
-
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according to the recursion formula

; i i I i
0 = 0SS ()t ) (25)
k=0

withi > 0,j > 1 and ,}i’l@ = #; and { -, - } denotes the Poisson bracket of two

scalar fields; for example, given Z and 2 the Poisson bracket is defined over an
open domain of R*" as the quantity

n H H g
{«77Q}22<aj 02 02 62)

=1 0x; OXpyi Oy OX;

or equivalently in terms of the variables y1, ..., y»,. We emphasize that #°(x; €)
is conserved under the transformation, and thus it can also be expressed as
# (y;€). The recursion process can be summarized in the so-called Lie triangle
(see Fig. 8).

Hence, Eq. (25) yields now the partial differential identity

%,‘ — ady/’o("///,) = ,}h'f,‘ (26)

where #; collects all the terms known from order i — 1 and is computed using
the recursive formula (25). In identity (26), called the homology equation, #;
and #"; must be determined according to the specific requirements of the Lie
transformation that one performs.

Ko K1 K2 Ks Ka
I I I I I
3O HP o) H® o
T« T v 7 s
H” HY H? H
[ v T« 1~
Hy Hy) HE

A
g S
T v
HY

Figure 8. At each order i > 1 of the process, the diagonal <#J(k> with j + k = i is built starting
with Jfl(.]jl and finishing with Jfﬁ’fl). Note that J/f((]') cannot be determined unless % is previously

known.
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The transformation x = X(y;¢) relates the ‘“old” variables x with the
“new” ones y and is a near-identity change of variables. The direct change is
given by

00 Si ;
x=y+y v (27)
i=1"

The coordinates y(()i), i > 1 are calculated recursively with the aid of

yo= v+ Z < > { : Wm—k} (28)

with i >0, j> 1 and ygo) =0fori>1 and y(()o) =y. Consequently, Eq. (27)
gives the set of coordinates x in terms of y with the use of the generating
function #".

Similar formulae can be used to obtain the inverse transformation
y = Y(x; €), which explicitly reads as

fj—,l (29)

Now x(()o) = x and for i > 1 coordinates XEO)

of

are calculated recursively by means

xV = X Z( ){,klywkﬂ} (30)

with i > 1, j > 0. This time xg) =0 for i > 1 and the Jacobians appearing in
the operators of (30) are computed with respect to x, and %4, is also written
in X.

Note that Eq. (27) can be used to transform any function expressed in the old
variables x as a function of the new variables y. Similarly, Eq. (29) is used to
transform any function in y by a function of x. In this respect we can compute a
formal integral of the original system by going back to the departure system.
Specifically if the normal form calculations have been carried out to an order
M > 1, then we determine T*(x;¢€) as

T (xie) = 70 + 35 T a1)
i=1""
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where T(x )( ) are calculated using

i—1

()] = T =37 ( 1) {00, W} (32)
k=0

with i > 1 and j > 0. Now T(x)(()0> = T(x) and for i > 1, T(x )(() = 0. Then

T*(x;¢) is an asymptotic integral of H in some domain, that is, { H, T* } =

O(e"*1). Details can be found in Ref. 76.

The above method is formal in the sense that the convergence of the various
series is not discussed. Indeed, the series diverge for many applications.
However, the lower orders of the transformed system can give interesting
information, and the process can be stopped at a certain order M. This means
that these terms of the series are useful to construct both the transformed
Hamiltonian and the generating function, since they are unaffected by the
ultimately divergent character of the whole process.

Once ¥ has been determined, we can calculate the new coordinates (or any
function of them) as functions of the old ones and vice versa.

B. Dynamics Near the Transition State Using the
Normal-Form Coordinates

Using normal-form coordinates helps in the understanding and description of the
motion near the saddle. If the n — 1 frequencies ®; are nonresonant, then the
tmncated normal form (at any order) is integrable. That is, the quantities
Ji = (pl + ql) i=1,...,n—1, and J = p,q, are integrals of the truncated
normal form, and the truncated Hamiltonian can be written as a function of these
integrals. To illustrate it, take the simplest possible case, namely a 3-DOF system
with nonresonant frequencies:

=K(J1,)2, ) (33)

Working in the space of integrals, which is a three-dimensional space with
coordinates J,—J,—#, brings advantages to computation and visualization. Since
these integrals are constant on trajectories, a trajectory in this space corresponds
to a point.

e Energy Surface. This is given by:
K(J1,J2,#) = h = constant (34)

This will typically be a two-dimensional surface in the J;—/,—.# space, for
each fixed h.

e The NHIM and Its Stable and Unstable Manifolds. In the normal-form
coordinates the NHIM is given by g; = p; = 0, the stable manifold of the
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NHIM is given by g; = 0, and the unstable manifold of the NHIM is given
by p; = 0. In the J;—J,—¥ space these are all given by .# = (. In other
words, the NHIM and its stable and unstable manifolds are all identified
with

K(J1,J2,0) = h = constant

which is typically a curve in J,—-J,—# space.

e The Transition State. In the normal-form coordinates this is given by
q; = p3; hence .# > 0. Therefore the TS is given by

K(Jy,J2,# > 0) = h = constant
In this representation the TS is a portion of the energy surface.

In order to construct the change of coordinates back to the original
coordinates, we make use of the generating function ¥". Indeed we simply have
to evaluate Poisson brackets but without solving any partial differential
equations. Therefore the computational effort is much smaller than the one
corresponding to the calculation of the normal-form Hamiltonian and the
generating function.

Using (33) and the chain rule, Hamilton’s equations can be written in terms
of the integrals. It is important to note that 0K /dJ;, i = 1,2, 3, are constants on
trajectories. Hence, once the initial condition of a trajectory is chosen, evolution
of the trajectory is given by a linear system whose coefficients are constant, but
depend on the trajectory.

This simple form of Hamilton’s equations in the normal-form coordinates
near the TS enables us to construct trajectories showing any possible behavior
near the transition state. These trajectories can then be visualized in the original
coordinates (see Section VL.F). An example on the isomerization of HCN
follows.

VI. THE ISOMERIZATION OF HCN

This section presents a discussion of the treatment outlined above applied to a
realistic molecular reaction. For simplicity we have chosen the isomerization of
hydrogen cyanide (HCN) to form hydrogen isocyanide (HNC) because it is
commonly used as model system in the study of isomerization reactions. This
reaction, which has been the subject of innumerable studies, is excellent for our
purposes. While the system is small (only three atoms) it does possess sufficient
complexity to be an excellent test case. The importance of this system as a test
case, both experimentally and theoretically, is demonstrated by the size of the
literature [82,83-141]. This list is by no means exhaustive, nor particularly
representative.
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In the present work we use the potential of Murrell, Carter, and Halonen
(MCH) [142]. Despite the fact that it is known to be inaccurate at energies at
which the isomerization occurs, because the majority of previous investigations
of the classical dynamics of the isomerization of HCN/HNC have used this
potential. In the present study it is not our goal to calculate chemical rates for
comparison with experimental results but rather to illustrate a new approach to
the calculation of such rates.

A. The Model System

The hydrogen cyanide molecule is a linear triatomic molecule and, consequently,
is described by nine DOFs. Three of these represent the center of mass and can
immediately be separated. Of the remaining six DOFs, two can taken to be the
total angular momentum and the projection of the total angular momentum along
a space-fixed axis. The remaining four DOFs are the internal degrees of freedom.
Three of these we take to be the Jacobi coordinates that are shown in Fig. 9 and
discussed below. The fourth DOF will be taken to be the projection of the angular
momentum about the axis defined by the smallest moment of inertia. Taking this
quantity to be equal to zero allows the motion to be viewed as taking place in a
plane. Care must be taken in this reduction because the Hamiltonian is singular in
these coordinates when the three atoms are collinear.

We define the Jacobi coordinates r, R, and 7y as the interatomic CN distance,
the distance from the hydrogen atom to the center of mass of the CN bond,
and the angle between the hydrogen atom, the center of mass of the CN

Figure 9. The Jacobi coordinates for HCN. The potential energy is constructed as a sum of
three two-body interactions plus a three-body term. These terms are functions of the distances
between the bodies, Rcy, Rcy, Ryu. Rey is taken to be r, and Rey and Ryy are expressed as
functions of R and .
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bond, and the carbon atom (see Fig. 9). In these variables the interatomic
distances are given by

Ren =7

2
Rey = M r4+R2-2 v TR cosy
mc + my me + my

2
Ra = 1] (—2C ) 2y re 4 2(— " )rReos
Y
mc + my mc + my

where m¢ and my are the masses of carbon and nitrogen, respectively.

Phase space is spanned by the Jacobi coordinates and their conjugate
momenta. The dimensionality of the various geometrical object that we are
interested in are as follows: Phase space is six-dimensional. The energy shell is
five-dimensional. The TS, which is a codimension-one surface that partitions
the energy shell, is four-dimensional. The boundary or edge of the four-
dimensional TS, which is an NHIM, will be three-dimensional. Our goal in this
section is to illustrate how to construct representations of these various
geometrical objects. We will accomplish this in the course of investigating the
flow of states in phase space.

B. The Hamiltonian

The Hamiltonian has the form
H= T(prapRava r, R) + V(r7Ra’Y)

where T(pr,pR,py,r,R) is the kinetic energy and V(r,R,y) is the MCH
potential [142]. The kinetic energy has the form

b, s (] 1 2
T(prapR7p‘/7 r, R) - 2_“pl —+ %pR + E(P + m)p"/
where p is the reduced mass of the CN diatom, that is, p = mcmy /(mc + my),
and m corresponds to the reduced mass of the full system, that is,
m = mg(mc + my)/(mg + mc + my). As before, mc and my are the masses
of carbon and nitrogen, and my is the mass of hydrogen. It is crucial to observe at
this junction that kinetic energy is positive definite. This has important
consequences that we will discuss shortly.
The MCH potential [142] is given as sum of four terms. The first three are
two-body interactions between the three atoms. Each of these take the form

n

Va(q) = —Dee Y "y (q - q)
k=0
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V(r)/eV

/A

Figure 10. The potential energies for the three two-body potentials are shown in this figure. The
three-body potential is a minor perturbation. Note that the CN potential is much deeper and narrower
than the other two potentials. This DOF is often decoupled from the other two dynamical DOFs.

where g is one of the three distances between two atoms, namely g is either R¢y,
Rcy, or Ryy. The constant qO is the distance between the atoms at equilibrium,
that is, it belongs to {R%N7 R%H, R?,H}. Moreover, D, is the binding energy of the
two-body interactions, thus it is either DV, DS, or DNH. The coefficients a; are
also constant terms. These three two-body interactions are shown in Fig. 10.
Finally, in our simulations we have taken n = 3 for the interactions between the
carbon and hydrogen and between the carbon and the nitrogen and n = 1 for the
interaction between hydrogen and nitrogen.

The fourth term is a three-body interaction term. It is the product of three
terms

V3(Ren: Ren, Ri) = Vi S (R) 2 ()

Here, # refers to the three interatomic distances collectively. The first factor in
of Vi3 is a constant and can be interpreted as the strength of the three-body
interaction. The second factor is a product of three switching functions

I'i(Ri = S;)
S (R) = 1 —tanh———=
) CN,I;-IINH( t 2 )

where the constants S; and I'; are to be interpreted as the range over which the
three-body interaction is felt and the range over which the interaction is
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switched. The last factor, (%), is a polynomial of the form

P(R) =1 +ZC,‘S,‘+ZCU‘SI‘S/‘+"'

J<i

where ‘
si= >, &R -S)
j=CN, CH, NH

where ¢;, ¢;; and g, are fixed parameters. The values of these constants can be
found in Murrell et al. [142]. In our simulations, £ is truncated at degree five in
s;. It should be noted that distances are given in units of angstroms, energies in
units of electron volts, and masses in units of atomic mass units. These are the
units in which the original potential was developed.

We have included this discussion of the functional form of the potential
energy in order to clearly illustrate complexity of the Hamiltonian function.

C. Points of Stationary Flow

As we noted above, the kinetic energy is positive definite. Furthermore, it is
quadratic in the momenta. As a consequence, we can reduce the search for points
of stationary flow in phase space to one of finding the stationary points of the
potential energy surface. To see how this comes about, consider the Hamilton’s
equations for the three velocities

._OH
- 0P,
. OH
R_ﬁ
o
"= %p,

Setting the velocities equal to zero and using the Hamiltonian given above to
evaluate the derivatives yields
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TABLE I
The Positions of the Five Equilibrium Points of the Murrell, Carter, and Halonen Potential
Energy Surface”

r R Y
HCN 1.15321621033313359 1.6864160898153111 0.0
HNC 1.16451121001722257 1.53121204160717798 b1
Saddle 1.1394029718182721 1.20844255384653775 1.16823395477807734
Barrier 2 1.14781465664160409 1.19699789318508864 2.15136248734495216
Well 2 1.13654692030783732 1.11615395989081878 1.99142694984300057

“The first two are the minima of the HCN and HNC potential wells. The third is the saddle point
separating these two wells. The final two points are associated with a very shallow well within the
HNC well. There are included here for the sake of completeness. The distances are given in
angstroms.

From this we see that the only solution corresponds to the three momenta
equaling zero, p, = pg = py = 0. The remaining three equations of motion in
essence, require that the forces exerted on the system be equal to zero. This
occurs at the extremum, or equilibrium, points of the potential energy.

The MCH potential energy surface has five equilibrium points in the energy
regime of interest in the present study. These are given in Table I.

The conjugate momenta of these fixed points are given by p, =0, pr = 0,
and p, = 0. The energies of these equilibrium points appear in Table II

The stability of the equilibrium points can be determined in either of two
ways. We can evaluate the eigenvalues of the matrix of second derivatives of the
potential energy surface, or we can evaluate the eigenvalues of the stability
matrix again evaluated. In either case we evaluate the matrices at the
equilibrium points. These eigenvalues are given, respectively, in Tables III
and IV.

The first two equilibrium points are stable in all three DOFs and occur at the
bottom of the two major potential wells. The first corresponds to the hydrogen
cyanide equilibrium configuration, while the second corresponds to the

TABLE II
The Energies of the Five Fixed Points
Energy Relative to HCN Relative to HNC
HCN —13.5914 0.0 —0.4849
HNC —13.1065 0.4849 0.0
Saddle —12.0827 1.5087 1.0238
Barrier 2 —12.7174 0.8739 0.3890

Well 2 —12.7217 0.8697 0.3848
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TABLE III
The Force Constant for the Normal Modes at the Equilibrium Points of
the Potential Energy Surface”

K K2 K3
HCN 134.43 33.9942 4.11204
HNC 125.485 41.3439 1.6211
Saddle 134.193 31.8395 —5.48101
Barrier 2 128.109 41.2462 —0.746732
Well 2 139.425 38.0718 0.844229

“Observe that, since all three force constants are positive, the motion
will be oscillatory in the neighborhood of the first two and fifth
equilibrium points.

hydrogen isocyanide equilibrium configuration. The third equilibrium point is a
rank-one saddle; that is, it is stable in two DOFs and unstable in last DOF. It
corresponds to the saddle point that separates the two major wells. The fourth
and fifth equilibrium points are associated with a very shallow well that lies
within much larger and deeper hydrogen isocyanide well. These two points will
not play a role in our analysis and are mentioned here only for completeness
reasons.

The eigenvalues of the matrix of second derivative of the potential energy
surface are equal to the force (or spring) constants of the normal modes at the
equilibrium points. Examining the values of these constants, which are given in
Table III, we see that, in the neighborhood of the first and second equilibrium
points, the motion will be oscillatory in all three DOFs. The eigenvalues of the
stability matrix, which are given in Table IV, have a similar interpretation. They

TABLE IV
The Eigenvalues of the Stability Matrix at the Five Fixed Points in
Phase Space”

M A A3
HCN 6.61679i 4.07866i 1.40293i
HNC 7.27826i 3.95081i 0.94732i
Saddle 5.99066i 4.28245i 2.1828
Barrier 2 6.95079i 4.14571i 0.881658
Well 2 6.76476i 4.32309i 0.865383i

“The eigenvalues occur as complex conjugate pairs. The imaginary
eigenvalues correspond to stable modes, and the magnitude of the
eigenvalues are equal to the frequencies. Note that the frequencies of
the two stable modes at the saddle are not in resonance. Consequently,
good quantum numbers can be defined for the activated complex.
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are, in essence, rate constants. That is, they are a measure of the length of time
required for a system to escape from the neighborhood of the equilibrium point.
When these constants take imaginary values, it implies that the system is
oscillating in the neighborhood of the equilibrium point with a frequency equal
to the magnitude of the eigenvalue.

D. Preparation for Transformation to the Normal Form

Once the rank-one saddles in phase space have been identified, it is, in principle,
straightforward to prepare the Hamiltonian for transformation into normal form
(for a detailed example, see Ref. 21). This process involves three steps. First the
origin of phase space is transformed to the desired stationary point. In the present
case, a simple translation of the origin of coordinate space accomplishes this shift
of the origin of phase space to the location of the third point of stationary flow—
that is, to the saddle point lying between the two major potential wells. The
second step identifies the normal modes of the Hamiltonian and transforms to the
corresponding set of variables. This is accomplished by the symplectic
diagonalization on the quadratic part of the initial Hamiltonian. The third and
final step involves expanding the Hamiltonian into a Taylor series about the
desired saddle point. While this step is not conceptually difficult, in actual
practice accomplishing this step can be very time-consuming and can require
significant computer resources.

E. Transformation to the Normal Form

We apply the Lie transformation to the Hamiltonian H = Zi:z H,, where H, is
given by

Hy = Mx1xs + Aaxoxs + hzxzxe

and the frequencies A; are the ones corresponding to the saddle point (see
Table IV). Each H, for 2 < n < 8 is a homogeneous polynomial of degree n in
the complex coordinates x obtained from the potential V after passing from the
coordinates (r, R, y) to the variables x. Thus, we plan to carry out the calculations
up to polynomials of degree eight—i.e., up to sixth order in the normal-form
construction. In this way, we build a change of variables from the old ones
X = (X1,X2,X3,X4,X5,X6) to the new ones 'y = (y1,2,¥3,¥4,V5,Ys)-

We start by identifying H, with # and each H,, with #,/n!,2 < n <6.
Then, we must recall that terms belonging to A, are monomials in X of degree
n + 2 with real or complex coefficients c.

As the operator ady, is diagonal, we can proceed by examining if a simple
monomial will be included in the normal-form Hamiltonian or not. Specifically,
a monomial of degree n + 2,

23k ke ks
My = X} X5 x5! X' x5
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such that 377 (ji + ki) = n + 2, belongs to the kernel of ady, (i.e., it satisfies
{my, ,H, } = 0), and therefore it must be incorporated to the new Hamiltonian if
and only if j; = ky, jo = k, and j3 = k3. Otherwise its contribution to the new
Hamiltonian K is zero, and the part corresponding to the generating function ",
becomes

my

A3 (ks —j3) + M (ki —j1) + Ao (ko — ja)

Note that this denominator does not vanish since the eigenvalues A, and A3
correspond to nonresonant normal modes. This is the key point in solving the
homology equation (26) at each order n.

We rescale the coordinates, say X* — ¢X, to introduce the small parameter &€
and adopt then the formulae of Section V.A. Afterwards we set € = 1 and drop
the star to simplify our notation further. We call the normal form K = Zﬁ:z K.,
and in complex coordinates (the transformed ones y) it reads as follows:

Ky)= > apOiy) (s (ae) (35)
0<itTk<d

where the sum goes over all 7, j, and k with 0 <7 + j < 4 and the coefficients a;
are real or complex. In particular,

K> = Miy1ys + Mayoys + A3y3ve

The Hamiltonian K can be split into Hamiltonians K, for 2 < n < 8. Each K,
is a homogeneous polynomial of degree n. The generating function is also a
polynomial in x (or in y) of degree eight, but it is too long display here.
Specifically, #" = S"°_, #",/n! is written as W = S°°_. W, where each W, is
also a homogeneous polynomial in x of degree n.

Once W has been determined, we can calculate the new variables (or any
function of them) as functions of the old ones and vice versa, by means of
Egs. (27) and (29). In particular, the use of the direct change which makes
explicitly x as polynomials of y of degree eight will be crucial to obtain the
expressions of the NHIM, the TS and the other structures in terms of the original
coordinates (r,R,vy) and momenta (p,, pg,py).

Next, it is straightforward to use action-angle variables, with the aim of
writing K as the normal form

K(I,hB)y= Y aliBl}
0<i+j+k<4
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TABLE V

Values of the Coefficients of the Normal-Form Hamiltonian
agoo —12.08270621909487
ao 0.954905129358249 asor 0.0005856303577910487
axn —0.03806852708896476 Aoy —0.003100813333260371
ason 0.0027310729862473205 a —0.003222234665742905
a0 0.000030342422691386055 ary 0.0013154465433325067
aoto 0.6784357290530834 ap1 —0.00029536597940468037
aro —0.03634032763273621 ap —0.00009307509500353229
ano 0.005010467124410658 a3 —0.00016681125684889185
asno 0.000521036141694136 aon 0.0167902092282642
aoo —0.015100569431461403 ain —0.001920402152291333
ano 0.0007005897422981253 axn 0.00038444427179500226
ano 0.0018285195757281284 aotn —0.0006592352377808216
apso —0.0007327257466574936 arn 0.000029430000778286972
azo 1.4149150136276378 a —0.0002881442069027329
ap40 0.00003581710535858259 aoos —0.0013124004701446804
a1 0.34527320408687906 as 0.00006355693478722243
aoi —0.01911783201950005 aos —0.000023067584987807643
a1 0.0004324327528662697 aoos 0.00026905971010348154

where the sum goes over all i, j, and k such that 0 < i+ j < 4 and the first two
constants of the motion, I} = iy;y4 and I, = iy,ys, are the classical action
variables associated with the two nonreactive DOFs. The first /; is associated
with the vibrational motion of the hydrogen atom, while the second is associated
with the CN stretching motion. The third constant of the motion, Is = y3y¢ is the
action associated with the reactive coordinate. The coefficients in the above
Hamiltonian are given in Table V.

F. Visualization of the HCN Dynamics

It is possible to introduce a new set of normal-form variables, related to the
coordinates (y;,y2,y3) and momenta (ys4,ys,vs). We introduce Cartesian

variables (¢}, 45,45, D}, Py, ps) through

M= =it s == (g + i)

) V2 V2

(36)

Ya=P3  Ys= g p), e = —=id) + )

V2 V2

The variables (q),q5,q5, P',p5,p5) can be mapped back to the Cartesian
coordinates previous to the normal-form process—that is, to the variables
(91,42,93, P1,P2,P3) by means of the direct change of the Lie transformation,
using the generating function W written in terms of the ¢! and p.
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Figure 11. (The color version is available from the authors.) A picture of the three-dimensional
PES of isomerizing HCN. At the saddle (the bottleneck of the large figure), we show a pair of close-
by trajectories, one reactive and one nonreactive, very much like in Fig. 3. The saddle region is
magnified in the inset. The gray ellipse around the saddle is the configuration-space projection of the
four-dimensional TS.

Next we put into effect the visualization techniques we discussed in
Section V.B. Our purpose is to show how the complex dynamics of the pair
of trajectories in Figs. 11 and 12 is simplified by the normal-form trans-
formation.

In the following figures the reader can see the three uncoupled motions that
make up the complex motions depicted in the previous two figures—that is,
single trajectories in the saddle plane (see Fig. 13), in the center plane (see
Fig. 14), and in the other center plane (see Fig. 15), respectively, depicted in the
normal-form variables g}, p}. Note that the TS is denoted by the diagonal line,
¢5 = p%, in the saddle plane as it appears in Fig. 13. The NHIM is given
by ¢5 = p; = 0, and the stable and unstable manifolds of the NHIM are given by
g5 =0 and py = 0, respectively. Thus, a forward reactive trajectory requires
g5 > 0 and a forward nonreactive trajectory requires ¢5< 0. The rest of the
coordinates of the trajectory can be chosen arbitrarily (but respecting energy
conservation). In each figure, the ball indicates the point of passage through the
TS. The curves (outermost circles) indicate the boundary of the energy surface.
Once the two trajectories are chosen in the normal-form variables, they
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Figure 12. (The color version is available from the authors.) Two trajectories, so close in phase
space that they appear as one, approach the saddle from the lower right, as in Fig. 3. After some
complex dynamics around the saddle point, one reacts (crosses the TS at the dot) and goes off to
the top left, and the nonreactive one returns to the lower right. We engineered this outcome by
selecting their initial conditions on opposite sides of the impenetrable phase-space barrier (one of the
“scissors” [20]) between reacting and nonreacting hypervolumes.

Pa

Figure 13. (The color version is available from the authors.) The previous pair of trajectories
as seen in the normal-form coordinates in the hyperbolic direction. The complicated dynamics at the
saddle has been smoothed out. The two trajectories approach from the top. Note how the p3 axis acts
as a separatrix between them. The reactive one intersects the TS (the diagonal) at the dot. Compare
this with Figs. 5, 6, and 7. Primes on ¢} and p} (see the text) have been dropped.
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g

Figure 14. (The color version is available from the authors.) The same pair of trajectories in
one of the bath mode normal-form variables. The outer circle is determined by the total energy.
Primes on ¢} and p)| have been dropped.

are mapped back into the original variables. Moreover, all of the other explicitly
known geometrical structures in normal-form coordinates relevant to the
reaction—the TS, the NHIM, and its stable and unstable manifolds (which
define the boundaries of the reaction channels)—can be mapped back into the
original variables.

Figure 15. (The color version is available from the authors.) The same pair of trajectories in
the other bath mode’s normal-form variables. Primes on ¢5 and p) have been dropped.
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G. The Quantization of the Nonreactive Degrees of Freedom

Once the Hamiltonian has been transformed into normal form, the quantization
of the nonreactive DOFs is straightforward. While complications can occur, the
present example is free of the worst of these. The vibrational modes normal to the
reactive coordinate are not in resonance. Consequently, the quantization is
straightforward and accomplished by quantizing the classical action variables

1
Ilz(nr+§>h
b= (ng+2)n
2= | nRr 3

forn, =0,1,2...and ng = 0,1,2.... This results in an expression for the total
energy in terms of the quantum numbers for the internal DOFs and the action in
the reactive mode.

At the barrier height, the action in the reactive mode is equal to zero. Setting
it to zero yields an expression for the energies of the quantized states sitting
above the barrier. These are the “gateway’’ states. This expression is given by

s _ § ol
En,..nR - bl/ n, n]R

0<itj<4

where the sum goes over all i and j such that 0 < i + j < 4 and the coefficients b;;
are given in Table VI. The difference between the coefficients bgg and aggg gives
the zero-point energy associated with the lowest quantized TS, Egs =
0.79546447. The quantized energy levels are given in Table VII.

TABLE VI
Values of the Coefficients of the Normal Form Hamiltonian: 7 = 0.0646541478

boo —11.287241748006593 b3 0.000521036141694136
by 0.9041762942583398 bz —0.014657625171057372
by 0.030573263413148734 b1a 0.0038908742325688573
b3 0.003052275902477161 ba 0.0018285195757281284
by 0.000030342422691386055 bos —0.00020716989775946035
boy 0.6470989723404712 b3 0.0009078432763617361
by —0.027729091626757386 bo4 0.00003581710535858259

by 0.007620540912679991
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TABLE VII
The Energies of the Quantized Transition States”

n, ng E

0 0 —12.0300
0 1 —11.9863
1 0 —11.9687
0 2 —11.9428
1 1 —11.9251
2 0 —11.9076

“The energy is given in units of electron volts (eV). These
energies correspond to the quantized threshold energies
discussed in Ref. 23.

VII. SUMMARY AND OUTLOOK

The Normal Form approach can give the researcher an analytical tool for finding
phase-space geometrical objects such as normally hyperbolic invariant manifolds
(NHIMs), and, of even greater interest to a chemist, the transition state (TS)
[19,21]. In this review, we illustrated the procedure on the isomerization of HCN.
Concretely, we showed how to determine the TS analytically. We constructed the
three asymptotic integrals of the original Hamiltonian by inverting the normal-
form transformations. The same procedure led to the NHIM and its stable and
unstable manifolds. We also computed trajectories that start on the NHIM on
the five-dimensional energy surface, as well as in the forward and backward
stable and unstable manifolds associated with the NHIM. It is straightforward to
choose and run these trajectories from the normal-form vector field. The normal-
form transformation then allows us to obtain them in the original coordinates. We
projected these phase-space objects into configuration space by computer
visualization. In short, we showed the degree of control and knowledge of the
exact dynamical trajectories near the TS in a system with three DOFs. The
procedure is designed to work similarly well in arbitrary numbers of dimensions.
We hope that the theory explained here will help in the solutions of problems
more complex than those in small isolated molecules.
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I. INTRODUCTION

Transition State theory (TST) is an extremely successful theory for chemical
physics. It is simple to understand in its elementary versions and is appealing for
its intuitiveness. It has been developed over the years into a whole series of
theories or branches of theories, in order to make it more apt to calculate and
predict kinetic factors of various chemical reactions or half reactions. Very many
references appeared, dealing with transition state theories, in its many variants,
and some of the articles in this series of reviews contain many of those. In
particular, unimolecular decays are treated here in great detail by Rice [1]. A
general review, exhaustive at its time of appearance, is Ref. 2. Some particularly
stimulating references may be found in the work by Gaspard [3].

As stated earlier by Komatsuzaki and Berry [4], it is a common intuition that
there should exist somewhere in phase space a surface (a manifold) that would
separate the regions of reactants from the region of products. For obvious
reasons, this surface has been named a transition state, or dividing surface. It has
to be crossed by the system in order for it to be transported from reactants to
products. For many reasons, finding this surface proved to be much more elusive
than anticipated years ago. Also, it must be stated at once that such a concept is
essentially a classical one. Still, three problems make the definition of a
transition state far from obvious:

1. Quantum mechanics does not define easily a surface. There have been
many attempts to properly define a quantum transition state [5]. While a
purely quantum view is difficult, semiclassical insights are awaited [6,7].

2. Because of the prevalence of Hamiltonian chaos, trajectories may cross
the dividing surface and than cross it back and forth a certain amount
time, even an indefinite one. While this is impossible at the linear level,
one has to resort to perturbation theory to overcome this drawback.

3. The third problem is a problem of dimensionalities. While it is easy to
visualize dynamics with few degrees of freedom and/or zero angular
momentum, the situation may be far from obvious with angular
momentum and/or many dimensions. Some steps towards this under-
standing will be presented here.
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In this chapter, I do not wish to enter into a review of all those variants of TST,
nor into many actual chemical applications. My goal is more pedagogical. I wish
to try to describe how it is possible, in general, to define a classical transition
state for a n degrees of freedom system, which includes chemical reactions and/
or angular momentum. Because geometry is our main theme here, much of the
chapter is restricted to linear Hamiltonians. Indeed, those linear (or linearized)
Hamiltonians are a good base for discussion of the topological structure of phase
space near a transition state. The linearized Hamiltonian is easy to understand
and allows for exact calculations and representations, yet captures some of the
most important concepts. Furthermore, it serves as a basis for a perturbation
theory, which deals with the extremely serious problem of nonlinearities (the
recrossing problem, point 2 above). These canonical perturbation theories, in
their various variants, have been described in great detail recently [4,8—12] and |
do not wish do go into that subject. Rather, when presenting actual examples, I
will present purely numerical support for the generalization of linear analysis
toward the fully nonlinear case. It is hoped that this approach will help the reader
in devising another approach to the problem of nonlinearities in TST.

As this book shows, TST is becoming more and more of a multidisciplinary
endeavor. Some new applications may be found outside the realm of chemical
physics. In particular, Marsden and co-workers [13] applied those concepts to
celestial mechanics of small bodies, while the general theory of the Keplerian
three-body problem makes use of TST, even if in a highly singular case [14,15].
Much work remains to be done outside of chemical physics types of dynamics. I
come back to this question in the conclusion.

The outline of this chapter is as follows. We begin by putting forward some
elementary properties of Hamiltonian dynamics and defining linearization
processes (Section II). Then, we describe one and two degree of freedom
dynamics, having in mind our next generalization to n-degree-of-freedom
dynamics (Section IIT). All other necessary tools having been described, we
proceed to the two new cases, n degrees of freedom and nonzero angular
momentum. Examples are proposed in this part (Section IV). We end with a
short conclusion.

II. HAMILTONIAN DYNAMICS

A. General Equations

To begin with, it is useful to recall some elementary properties of dynamics in
phase space [16]. Let a classical Hamiltonian be written as

H:H(piaqi)a iil,...,l’l (1)

In Eq. (1), g; are the generalized coordinates, p;, their conjugate generalized
momenta and n is the number of coordinates necessary to fully describe the
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system; n is called the number of degrees of freedom (DOFs). In short we speak
of H (Eq. (1)) as an n-DOF Hamiltonian. Throughout this article we explicitly
exclude time dependent Hamiltonians, since very little is known in terms of time-
dependent transition state (TS).

Let us note in passing that we do not restrain to Hamiltonians of the form:

H=T(p:)+V(q) (2)

where T and V would be respectively kinetic and potential energies. While this
situation often occurs, it is not so realistic in molecular physics. Hamiltonians we
have to deal with become easily rather involved, all the more if angular
momentum comes into play. In particular, H involving both angular momentum
and deformation in molecular systems is by no means trivial [17-19].

Let us recall also the equation of motion (the dot denotes derivatives with
time, a = da/dr):

PN
o

3
. OH ®)
pi= g

In more mathematical contexts, it is customary to write down these equations in a
more compact way, that readily extends towards n-DOF Hamiltonians. Let
x ={qi,pi}, where x is a vector. x denotes collectively all coordinates and
momenta, emphasizing their possible combination in canonical transformations.
Then H = H(x) and equations (3) become

% =JVH(x) (4)

where VH = 0H /0x and J is the so-called symplectic matrix:

0 I o
J(—I 0>, [=29;ij=1,...,n (5)

I is the n x n identity matrix. Let us recall here that the classical equations of
motion, Eq. (4), is an ordinary differential equation (ODE), as opposed to the
Schrodinger equation, which is a partial differential equation. Being an ODE,
even if nonlinear, the solution of Eq. (4), x(¢), is uniquely defined by the initial
conditions x(¢ = 0).

An equilibrium point, in general, is defined as a point for which x =0
(»i = qi = 0). Looking at Egs. (3 and 4), this amounts to stating that a certain
point P is an equilibrium point if the gradient VH = 0. This definition is general
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for true (absolute) equilibrium points. It can be readily extended to relative
equilibria (see Section V). On the other hand, if we restrict the form of H to

>
H= ZﬁJFV(%‘)

where m is the mass of the system, then p; = mgq;. The equilibrium points are
found at the usual conditions

ov

2 =" (6)

qi = 0;

Hamiltonian dynamical system theory is the mathematical framework on
which TST rests; many textbooks, of various mathematical sophistication,
describe this branch of pure/applied mathematics. Some of the various flavors
are [20-24]. Very little of this vast information will be needed here, and we shall
try to be as self-consistent as possible.

B. Dimensions

In order to understand the problem of finding TS with three or more DOFs, it is
useful to address the question of dimensionalities, in configuration and phase
space. In classical, Hamiltonian dynamics, transition states are grounded on the
idea that certain surfaces (more precisely, certain manifolds) act as barriers in
phase space. It is possible to devise barriers in phase space, since in phase space,
in contrast to configuration space, two trajectories never cross [uniqueness of
solutions of ODEs, see Eq. (4)]. In order to construct a barrier in phase space, the
first step is to construct a manifold #" that is made of a set of trajectories [8].

1. #" is said to be ““invariant under the flow generated by the Hamiltonian
H.75

2. W is codimension 1 in the phase space ¢ or its restriction to a particular
energy, ¢(E).

Point 2 means that (D is a dimension)
D) =p¥® _1 or D")(E)=D®E)-1 (7)

With these properties, #~ locally separates phase space, as illustrated in the
scheme (Figure 1). It is very important to note that even if ¥~ has codimension
1 and is locally a separatrix, it does mean in n DOFs that " neither has a
simple geometry, because it is subject to stretching and folding because of chaos
[24-26], nor separates globally (see Ref. 27). Let us now make a summary of the
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e

Figure 1. A scheme of separatrices. Ensemble of trajectories are schematized by gray sets. The
three sets of trajectories, 1,2,3, evolute but never cross the separatrices represented by dashed lines.

dimensionalities for several values of n (Table I). Examination of Table I shows
that three different types of dynamics occur.

1. n = 1. The energy level is made of trajectories. Separatrices are identified
with some particular trajectories (see Section IIL.A).

2. n = 2. Poincaré surface of section is of dimension 2, as are stable and
unstable manifolds of periodic orbits. Hence, the huge simplicity of n = 2
is that:

(a) Poincaré sections may be drawn on a sheet of paper or on a computer
screen, allowing easy exploration of ¢(E).

(b) Stable/unstable manifolds of periodic orbits are separatrices. This is
the departure point of many studies of transport in phase space, based
on lobe dynamics seen one way or another [28—33].

TABLE I
Dimensions of Various Objects of n-DOF Hamiltonian System®

n 1 2 3 N

¢, phase space 2 4 6 2N
O(E), energy level 1 3 5 2N -1
Trajectory 1(0) 1(2) 1(4) 12N -2)
(Un)stable manifold of trajectory — 2(1) 2(3) 2 (2N - 3)
Poincaré section — 2 (1) 4(1) 2N —2(1)

“When relevant, codimensions are mentioned in italics.
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3. n > 3. All the nice features disappear. It is impossible to draw Poincaré
sections easily because periodic orbits have large codimensions, as have
their stable/unstable manifolds.

Point 3 is developed fully in Section IV, especially in Section IV.A.

III. GEOMETRY IN SIMPLER CASES

A. One Degree of Freedom

While the one-dimensional case may seem too simple, even trivial, it presents a
good opportunity to put forward some very general concepts. These concepts,
like the existence of barriers in phase space and the stable/unstable manifolds
theorem, are best introduced here, having in mind that most interesting appli-
cations will come later on. Also, the one-dimensional case has been employed in
less trivial ways, by reducing all rapid DOFs to some adiabatic approximation
allowing nonlinear one-dimensional TST to be applied [34].

1. Linear Case, Linearization

To begin our discussion of geometry, let us restrict ourselves to 1-DOF systems,
H=H(p,q) (3)

This system is too simple to display a proper TS, but is good enough to begin
with and shows some interesting features. Let us simplify dynamics as much as
possible and write

4

H=">+V(g) )

Mass is set to 1 without loss of generality, for all Hamiltonians definition, except
where explicitly needed.

Equation (6) tells us that an equilibrium point may be found for Hamiltonian
(9) at points such that dV/dg = 0 (Fig. 2). The linear stability of the equilibrium
points is easily found by examining the sign of the second derivative:

2 2

oV oV
Stable: 7 >0 Unstable: o <0 (10)

Marginally stable equilibrium points are such that 0*V /0g* = 0. The
stability is then determined by the nonlinearity of the force —0V/dq. In the 1-
DOF case, this is easily extended to the general Hamiltonian (8). An equilibrium
point is such that 0H /0p = 0H/dq = 0. The linear stability proceeds as follows,
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2 V@

Figure 2. A one-dimensional potential, with three equilibrium points: Py, Py, P;.

which is readily generalizable to more DOFs. Let the Hessian of Hamiltonian H
be defined as

0’H O*H
p? Opd

Hess(H) = afH GI;I;I (11)
opdg Og*

Since we are interested in motion nearby the equilibrium point, let us make the
following expansion. Let the coordinates of P be xp and define x = xp + dx.
Setting without loss of generality xp = 0, we have in first order in dox the
following matrix equation:

dx = J Hess(H) 8x = M &x (12)

Restricting to one DOF, equation (12) reads

0’H  ’H
' opd ra 8
&) _ | 90q q ( p) (13)
8q _OH  O°H | \%q
op? Opdq

In order to find the linear stability of P, let us look at the eigenvalues of the matrix

in (13). We have
1/2
AL "
dpdq)  oq* op?

7»1"2 =+
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Figure 3. Phase portrait of a hyperbolic fixed point, for a 1-DOF linear Hamiltonian.

If the square root is real, it is possible to put Hamiltonian (8) in the following
linearized form in the vicinity of P:

Hijy = 51’2 - 57‘1,2‘3 (15)

where (pg, £) is the eigenvector of the matrix (14). This is the equation of an anti-
harmonic oscillator. Its well-known phase-space portrait is depicted Fig. 3. A
linearly unstable equilibrium point is called a hyperbolic equilibrium point. In
some contexts, the point P is called a critical point; an unstable equilibrium is a
saddle critical point; a stable equilibrium point is called a center critical point.
Coordinates &, p are called reaction coordinate and momentum. Likewise, if A1 »
is imaginary, we have

Hyin = %Pi + %k%,zyz (16)
where (py,y) are the eigenvector of the matrix (14). This is the equation of a
harmonic oscillator, and its phase-space portrait is depicted in Fig. 4. In Fig. 2,
points P; and P, are elliptic and point Py is hyperbolic.

Let us examine in some detail what Fig. 3 tell us about the different possible
motions. Since H, Eq. (15) is a 1-DOF H, each energy (except E = 0) is
represented by only two trajectories. Let p,i < O be called the reactant region
and let § > 0 be called the product region.

1. E < 0, trajectories (3) and (3’). Only nonreactive trajectories are
possible, without change of &().



226 LAURENT WIESENFELD

‘py

—

N
v

0

Figure 4. Phase portrait of an elliptic fixed point, for a 1-DOF linear Hamiltonian.

2. E > 0, trajectories (2) and (2'). Only reactive trajectories are possible,
from product to reactants (pz > 0) or from reactants to products (pz < 0).

3. E =0, two types of solution:
(a) the unstable equilibrium point P

(b) the stable and unstable lines (called manifolds) that come from (1”)-
(1") or go to (1)—(1') point P.

Trajectories (1) — (1”) are called separatrices. They separate reactive parts of
phase space from nonreactive parts, since trajectories never cross. Also, the
amount of time necessary to go from any point to/from P on the separatrices is
infinite. This is necessary because of the unicity of solution at point P (one can
also consider this infinite time as a consequence of continuity of classical
mechanics).

Trajectories (1) — (3) may also be depicted in a more usual way, in the
energy/coordinate plane (Fig. 5). Note that some authors, drawing from Figs. 5
and 3, have long ago extended trajectories into the complex domain, thereby
allowing for tunneling. In this context, powerful methods were developed,

V(x)
2
(@)
G—

(7)

Figure 5. Energy/coordinate scheme of the trajectories of Fig. 3. Trajectory (t) is a tunneling
trajectory.
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somehow outside of the scope of this review (see Ref. 35, Chapter 9 for
references). Considerable amount of work is performed on this topic, but mainly
with more than 1 DOFs (see Sections III.B to IV). Also, instanton-type of
approximation belongs to this topic. A recent reference is Ref. 36.

2. Nonlinearities

Extension toward the fully nonlinear case is straightforward for 1-DOF
Hamiltonians. The energy conservation relation H(p, g) = E allows us to define
(explicitly or implicitly) p = p(g; E), thereby reducing the ODE to a simple
quadrature. In this procedure there is no problem of principle (unlike the n > 2-
DOF case). It works in practice also, and it is possible to adapt Figs. 35 to the
nonlinear regime. It must be underlined that besides that simple procedure, we
present a theorem in dynamical system theory (containing Hamiltonian
dynamics as a particular case). This theorem is valid for » DOFs (hence for
n = 1); it relates the full dynamics to the linearized dynamics, called tangent
dynamics in the mathematical literature.

The local and global stable/unstable manifold theorems (see, e.g., Ref. 24,
pp- 136-140) tell us the following (#™* are the (un)stable manifolds):

1. In the vicinity of P, #™* of the full dynamics are tangent to the % of
the linearized dynamics (Fig. 6).

2. The extension of #™° is infinite. Furthermore, they tend to P as
t — +oo(W™) or t — —oo( ™).

We see thus that our description of the dynamics in the linearized regime is very
general and is transferred readily to the nonlinear regime.

wH .
ws non lin

non lin

Wu

lin.

non lin 5
lin.
non lin

Figure 6. The nonlinear stable/unstable manifolds are tangent to the linearized stable/unstable
manifolds.
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3. Some Remarks on 1-DOF Hamiltonians

While all that material presented in this section looks very elementary, the
structure presented thus far is the dynamical system theory basis of the reaction
path TS theory. If, in a complicated landscape with many dimensions, we reduce
dynamics to following a winding path, the above images are enough for all our
purposes. They are also a very good basis in the first approximation of 2-DOF
and even n-DOF, if we adiabatically decouple the reaction coordinate and all the
other coordinates, which are called bath coordinates.

As a last point, it must be underlined that if the approximation of
Hamiltonian dynamics is lifted—that is, if we include dissipation in one way or
another—very little is known outside of either strong dissipation or 1-DOF
systems. While this is outside of the scope of this review, the interested reader
should consult Refs. 37 and 38.

B. Two Degrees of Freedom: PODS and Beyond

While still not very realistic, since they can barely encompass angular
momentum, 2-DOF Hamiltonian models for chemical reaction or unimolecular
dissociation have a long and rich history. Several reviews exist that underline this
history [1,28]. Our purpose here is slightly different. We wish to describe TS in 2
DOFs as an intermediate in complexity between the oversimple 1-DOF TS and
the fully complicated story of n > 2 DOFs, including possibly angular
momentum. On a physical point of view, most of the early studies that appeared
up to the late 1970s and early 1980s dealt with the classical dynamics of collinear
collisions or dissociation [39], with the following scheme:

X
A B C

A+BC —= AB+C

On that system were exact TS discovered [39], the importance of mass mismatch
between atoms A, B, C underlined and chaos in reactive scattering described [3,
29,40-42]. It must be underlined that studies in atomic physics and celestial
dynamics were decisive in a definition of a TS, with less obvious Hamiltonians,
see the chapter by Jaffé et al. in this book.

To begin with, let us suppose that the Hamiltonian may be written as

P, P
H="1L 1% 1y 17
2m1+2m2+ (q1,92) (17)

For three-body collinear systems, various types of coordinate systems allow for
this type of kinetic energy (Jacobi type of coordinates).
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1. Linear Theory

As before, we begin by organizing dynamics around an equilibrium point P.
Because of the form of H, Eq. (17), we have VV(q1,¢2)|p = 0. We look for the
linear stability of this point and find that the tangent flow (see Section II) has two
pairs of eigenvalues, A » = Fiw and A3 4 = £, with x, ® > 0. The correspond-
ing eigenvectors pairs are respectively the bath coordinates, y,p,, and the
reaction coordinates, &, pe. Then, in the neighborhood of P and setting the origin
of energy at P, the linearized Hamiltonian reads, setting masses to unity:

1 o’ K2

HZE(P,%'FP%) +7)’2—E§2 (18)
This very simple Hamiltonian is at the basis of the whole TS approach. It
generalizes easily into many dimension (Section IV), is a good basis for
perturbation theory [4], and is also the basis for numerical schemes, classical and
semiclassical. The inclusion of angular momentum implies that some ingredients
must be added (see Section V). Let us thus describe how this very simple, linear
Hamiltonian supports normally hyperbolic invariant manifolds (NHIMs; see
Section IV for a proper discussion) separatrices and a transition state.

The first thing to note is that the linearized Hamiltonian is separable,

E=H=H(y)+H(E) = o), + H(S) (19)

Hence, the total energy H = F is split into the energy of the oscillator, H(y), with
an action of the oscillator written as I, and a reaction coordinate part, H(&).
Furthermore, I, > 0 but H(£) 2 0. In order to have trajectories that react (go from
the reactant side to the product side, or vice versa), we must have H (&) > 0, since
at & =0, H(E) > 0 and H(&) = ct. There are two important objects here:

The periodic orbit I':  §=p: =0, E >0 (20a)
The transition state: £ =0, E>0 (20b)

We see that, indeed, Eq. (20b) is a transition state, since

1. It is a dividing surface (codimension 1 in the energy level), its dimension
here being indeed 2.

2. It separates products from reactants.

3. Once a trajectory crosses it, it never comes back.

All these properties are more or less obvious in the linear case. However,

because of the essentially four-dimensional nature of phase space, it is
somewhat difficult to get an intuitive nature of the phase-space structure. This is
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Figure 7. Linearized transition state. Left panel: The reaction coordinate part of phase space.
Right panel: & = 0 surface of section. The shaded areas are forbidden by energy conservation.

especially true for the transition state, which is not made of trajectories, since it
crossed by trajectories and should be transverse to the flow. An image of the
transition state is given in Fig. 7.

2. Periodic Orbit Dividing Surfaces

Description. Among all physically relevant Hamiltonian dynamics, one case is
particularly important:

H =T(p1,p2) + V(q1,92) (21)

where T(p1,p,) is a positive definite quadratic form. Without loss of generality,
we can write

P, P

=04y 22
2m1+2m2+ (q1,92) (22)

It is very fortunate that in this very important case, it was possible to devise an
exact theoretical form of a classical transition state. This theory was discovered
in the late 1970s by Pechukas, Child, and Pollak [39] and may be intuitively
understood. We wish to replace the linearized motion by an analysis of the full
Hamiltonian (21). Let us examine Fig. 8.

If we replace the § = pr = 0 periodic orbit by the I" periodic orbit, this p.o. is
named a periodic orbit dividing surface (PODS). It has the following properties:

e I connects the V = F lines; hence I' is a periodic orbit that is symmetric
under time reversal.
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Non linear case

Figure 8. Linear transition state (TS) and nonlinear periodic orbit dividing surface (PODs) I'.

e Of all possible surface ¥ drawn in phase space, whose projection onto
configuration space is a line connecting the two V = 0 lines, the flux @ is

minimum for > =T, with

‘1>=J pdq
>+

(23)

where the + superscript indicates trajectories going from left to right.

e T'is an unstable periodic orbit, whose linearization is direct hyperbolic.
Consequently, all trajectories crossing ¥ in configuration space have to
leave its neighborhood before possibly returning to I'. I' was named a
repulsive PODS; we would now call it an NHIM. An image of the

situation is shown in Fig. 9.

Figure 9. A repulsive pods I', with a possible trajectory t1 and two forbidden ones t2, t3. t3

exhibits recrossing of I'.
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Being a repulsive PODS—a fully nonlinearly determined NHIM—the ubiqui-
tous problem of recrossings (trajectory t3 in Fig. 9; see Ref. 6) is totally
avoided.

Finding a PODS is a very easy task. Because the system has only two DOFs,
the V = E manifolds are simply one-dimensional lines in configuration space,
V(q1,92) = E. Momentum is zero on those points. Finding the self-retracing
p.o. amounts to a very easy one-dimensional search. Once a p.o. is found,
a linear stability determination is enough to determine the PODS character of a
particular p.o. These properties have been used many times in the literature, in a
classical or semiclassical, even quantum, context [6,39,43—45]. The reader is
referred to the rich literature for many actual examples. The series of articles by
Gaspard and Rice are particularly detailed [46].

Phase Space. The PODS structure is easily lifted into phase space and
described in a way very analogous to the linear case. We begin by finding the
equilibrium points of the original Hamiltonian. Let P; be such points. In a
general case of chemical relevance, there will be a point P whose linear stability
will be of stable/unstable (center/saddle) character. That is,

Eig(M)|, = £k, £io o,k >0 (24)

In the neighborhood of P, the Hamiltonian may be written as

H=ol+ % (p§ - K2é2> +hxL(l,pe; €) (25)

with o/ the periodic orbit and p¢, £, coordinate normal to it. Now, we include the
nonlinear terms in the expression. Since / is the exact periodic orbit and pe,
determine the true nonlinear stable/unstable manifolds, we have that Ayy, = 0 if
pe = & = 0. The structure of the dynamics in the neighborhood of I' is easily
approached with Poincaré surfaces of section. Numerous examples exist in the
literature; these are essentially equivalent to Fig. 7. However, identifying the
surface of section with the orbit I' has not always been clear, since shadowing
problems (pruning) may occur [41,47].

Cylindrical Manifolds. There is one big advantage of looking at 2-DOF TS in
phase space: It puts emphasis on the existence of the tubes that determine the
transport of classical probability in phase space. Existence of those tubes has
been known for a long time [48]. These tubes are the set of trajectories that
constitute the stable/unstable manifolds of PODS. Locally, in the vicinity of P,
they immediatly generalize to higher dimensions. They are constructed as
follows:



GEOMETRY OF PHASE-SPACE TRANSITION STATES 233

(@)

®)

Figure 10. Two views of the tubes. (a) Left, a series of Poincaré sections, beginning with the
TS, X(T'). Large arrows denote the sense of trajectories, and gray ellipses denote the density of
probability after and before crossing the TS. (b) A view of the dynamics in the & and y sectors. P is
the equilibrium point, and H the homoclinic point.

e Attach to each point of the PODS its stable/unstable directions.

o Integrate the trajectory along this direction; one finds the stable/unstable
manifold itself.

e Make a union of all those trajectories; they make up a tube extending in
phase space.

e These tubes, being made up of trajectories, must not be crossed by any
trajectory, hence by any density of probability.

An illustration is found in Fig. 10.

And finally, the TS itself is found at the intersection of tubes. More precisely,
the TS (which is two-dimensional in the three-dimensional energy level)
is found at the intersection of the interiors of the two tubes, constituted by
the stable/unstable manifolds, at each side of the I' PODs. A rigorous
definition (valid for n DOF) is found in Ref. 9. An illustration may help the
intuition (Fig. 11).



234 LAURENT WIESENFELD

z
!
o {
N = 2
B . &

-,

Figure 11. Schematic view of a TS (thick black line), with the same type of view as in Fig. 10.
The equilibrium point is in the middle with its stable manifold and unstable manifold extending as
straight lines. Trajectories in dot-dashed lines are reactive (inside the tubes) and cross TS;
trajectories in dashed lines are not reactive. The whole gray surface is the energy level. For a linear
motion, it takes the form of a parabolic hyperboloid.

IV. GENERAL TRANSITION STATES IN n DEGREES
OF FREEDOM

Several reviews and articles have appeared recently that deal with n-DOF
transition states [4,8,49,50]. These works come after several pioneering works on
the subject, published earlier, that began the generalzation of TS toward a full-
fledged phase space theory [13,51]. Since we described in some detail the 2-DOF
case in the preceding section, the generalization will come very easily, as far as
no angular momentum is involved. However, in Section V we deal with the
nonzero angular momentum case in great detail, since it offers new perspectives
in the geometry of phase space.

We shall make more use of the notion of normally hyperbolic invariant
manifold (NHIM). This invariant surface is the n-DOF generalization of the
periodic orbit dividing surface, even if originally defined in a much more
general framework (a bibliography may be found in Ref. 24). Its correct
definition is put forward in Section IV.A and is used in all examples coming
thereafter.

A. Dimensions and NHIM

The structures of n-DOF TS and their associated NHIM are interesting by
themselves, especially because many ideas are already present at the PODS level.
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However, some points differ markedly, because of the higher dimensionality of
all the objects considered. We shall swiftly describe the overall geometric pro-
perties of the NHIM and the TS, and then we will proceed with some examples
that clarify the situation. Other examples may be found in Refs. 9 and 52.

1. Linear Regime

As in previous simpler cases with fewer DOFs, everything begins with
equilibrium points (critical points in mathematical language). We straightfor-
wardly generalize earlier results. Let H = H(py,...,pn,q1,---,q,) = H(x) be
the Hamiltonian and suppose that P is an equilibrium point, VH(x) |, = 0. We
linearize motion around P, and we analyze the eigenvalues of the 2n X 2n matrix
M, Eq. (4). If we have the following situation:

ki.H»l = +iw;, w;>0 i=1,3,...,2n—-3 (26)

7¥2nfl.,2n = +x, K>0
then we are able to build a NHIM and a TS in the neighborhood of P. We begin
by finding the n — 1 first eigenvector pairs corresponding to the imaginary
eigenvalues of M. Let us call those eigenvectors y;/py,. These are the linear
normal modes of the transition states, as is well known in TST. This is always
possible if ®; # w;, Vi # j. Otherwise, some special treatment is necessary for
resonances, if k;w; = k;jo;, with k;,k; =1,2,3 in practice (any integer k in
theory). We call &, p: the last two eigenvectors, which constitute the reaction
coordinate and associate momentum. As before, we may write a linear
Hamiltonian, in the vicinity of P:

He S o) o) e

i=1l,n—1

In order to use earlier articles and facilitate contact with perturbation theory, it is
useful to make the following change of variables:

1
n=sc (pe + &)
1
Dn= 7 (pe — x€)
and the Hamiltonian is written as

H= > p; + o))+ pyn (27b)

i=l,n—1
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Again, dynamics generated by Eqgs. (27a and 27b) is that of an NHIM and a TS,
which are defined as follows:

N=py#0/E=0 Transition state (28b)

The nature of the object (28a) is very interesting and new with respect to the 2-
DOF case. If we were 2-DOF only, Eq. (28a) would be the equation of a periodic
orbit, the PODs of Section III.B.2. This cannot be the case here because of
dimensionalities.

2. Description of the Geometry

Equation (28a) is in fact the equation of an S, 3 sphere, which is the equivalent
for the n-DOF to the periodic orbit: 2n — 3 = 1, if n = 2. Its geometry is easier to
apprehend for n = 3. The S5 sphere may be described as a union of 75 tori. This is
easily seen if we switch to action-angle variables:

H(l, ¢y, b, ¢;) = o1y + o (29)

where I; and ¢; are actions and associated angles. Each torus is the familiar
solution with both 1,,1, # 0. By varying I; and I, we recover the S3 sphere,
recalling that the angle ¢, loses significance if I; = 0 [53]. An abstract image of
the NHIM is found in Fig. 12.

In the liner approximation, we see thus that the NHIM is made of periodic/
quasi-periodic orbits, organized in the usual tori characteristic of the integrable
systems. Because the NHIM is “normally hyperbolic,” each point of the sphere
has stable/unstable manifolds attached to it. This situation is exactly parallel to
the one described earlier for PODS. The equation for it is

1
H=ol +mb+3 (Pt =€) with L =L(M),L=5L(M) (30)

L S; T,

3

Figure 12. A scheme of the S3 sphere, built with a foliation of tori. The straight line in the left
panel is the image of equation Eq. (29).
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where M is any point on the torus. Equation (30) thus defines a one-dimensional
motion (the anti-oscillator in &, p¢) and adds one dimension to S3, yielding four-
dimensional manifolds in the five-dimensional energy level of the phase space.
Everything falls thus rightly in place.

It is then possible to have a global picture [9,24,53,54] of what is happening
in the whole phase space neighborhood of the equilibrium point P, for
0<E<E:

Center Sector. Corresponding to the n — 1 pairs of imaginary eigenvalues, it
is possible to build a center manifold spanned by the corresponding
eigenvectors, of dimension 2n — 2. Its intersection with the energy level
®(E) is precisely the NHIM.

Hyperbolic Sector. Corresponding to the real pair of eigenvalues of the
linearized motion, there is a hyperbolic sector, consisting of stable and
unstable manifolds. These manifolds emanate from the equilibrium point
at E = 0, with a dimens